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Page 2.

In this wock are studied the machine algorithms of the systems
of numeration {both positional and nonpositioral) with the conmposite

bases/bases.

The results of this work caﬂ be of interest both for developers
of TsVHm, which lepad the sgsearch for fundamentally new constructive
solutions of organizing AU TsSVN, and for the developers of
elements/cells with the stecific character of the arithaetic of

complex numbers in numeration systems vith the composite bases/bases.
The book is intended for engineers, scientific wvorkars, gradunate
students and stulants, who specialize in the arza of computational

technolegy.

33 tables, 52 illustrations, 15 referances.
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Page 3.

PREPACE.

The rates >f development of scienca and technology, depth and
conprehensivenass of the conducted scientific research lead to the
setting of ever more cosplex prchblems whose sclution is necessary for
the national econoay. It requires the growth cf the productivity of
electronic computers. Even now on 1970-1980 is forecast the creation
of computational means by the productivity of 10? opsrations per

second.

If ve clsar the questions, connectad with the development of the
nev methods of the numerical solution of tasks, programaming and the
creation of nev machine languages, then the vays of further
perfaction of co>aputational means are examined/scanned both in the
isprovement in the engineering and technical basis and in the

development of structure, logic and organization of computers.

The first path represents the sufficia:ntly prolonged procsss
vhich includes at the initial stage the discowry/opeaing the
physical principles of the construction of elements/cells vwith the

high speed opscition of changeover of one state in another, at the

- - Ve e caie AN IR - 23 A
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followving staga - development of new efficient technological methods
(in the relation to the possibilities of mass production and
econosically) and finally at the cospleting stage - conversion >f
thoss axisting 1nd introduction of new production enterprises, This
is the very heavy path, which requires considerable time and enormous

means.

Computer tachanology in this plan/layout passed already the
serias/rov of stagas, With the advent of reslay technology purely
mechanical computational means passed into the slectromechanical
onss, Then, whan arose vacuua electronic engineering, began to be
constructed the electron-tube electronic computers, which together
with radio electronics coapleted transition ¢£0 the seaiconductor

technology.

Page 4,

At present computational seans prepare to do the folloving step/pitch
- to pass to amicroelectronic technology and integral chart

tschnology.

Another matter is the alternate path. It does not requirs any
technical and technological isprovements, but is based on the

creation of nev thaoretical concepts in repressntation and
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information processing in the machine, in the construction of its
structure and logic ard in the organization of the very process of

the solution of problems in the sachines.

At the basis of all methods createi by this method, lies/rests
the idea very simple and at the same time very complicated - th2
deparallelization of operations, Simple it hecause logically it
appears, as soon as one machine nct in the state to manage the data
by the capacity of computational operations and, that s2ans it is
necessary to drav other machines and to distribute the work betwveen
thea for its simultaneous and parallel axecution. This is, in the
knovn sense, th2 prtinciple of the organization of any mass production
vhen differont parts of article in parallel are made on different
equipment and only at the final stage they are gathered into the
article in the final fors. Is complicat2d this idea by the fact that
the solution far not cf any problem can be disaembered toc the parts,
vhich allow/assume parallel execution in different machines. In ths
majority of the cases the algorithas of the solution cacrry espscially
consscutive character and only by complicated artificial methods it
is possible to produce necessary seraration, spending in this case
the significant part of the total productivity of sachine to tha
rsalization of this separation and for the sutsequent
connect ing/fitting of all parts of the soluticn betveen theamselves.

In spite of such very essential difficultias in the organizatioa of
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the multipla oparation of di fferent machinss above the solution of
large probleas, the creation of multisachine computing systeas is at
pressnt the iamportant method of the satisfaction of the necessities

for the high praductivity.

Is very praomising and is fruitful in the practical plan/layout
the deparallelization not of the algorithms of the solution of .
probles, but daparallelization on the "microlevel® of the algorithas
of the execution of elementary arithmetic operations. Hare it vas
requirad to finl a theoretical-numerical basis, vhich is deteraining
the methods of tha separation of a numbar into the individual parts,
vhich allovw/assuse their independent and parallel processing. This

basis was the theory of ccapacrison.
Page S.

Relyiny on fundasental concepts and positions of this theory, it was
possible to construct the original nuaeration systeam in the residual
classes, in vhich numbers are representad by their deductions sn ths
basis of autually simple moduli/mcdules -~ the basis of systea, and
the crational oparations on nusbers are conducted indapendent of the
appropriate deductions of these numbers individually. Numeration
system in the residual classes undervent davelopament both in tha

theorstical and prr <tical » an/layout and it wvas used as basis for
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the constructioan of high-productivity computers.

Meanvhile the ideas and the concepts of th2 systes of resiioal
classes proved to be such attractive that caused the tendency to
viden sphere th2ir applications/appendizes and to generalize theam in

different directions.

Since in the system of residuval classas are absent the evident
interbit/interbyt2 connections, then natural was generalizationm in
the direction of the creation of the general theory of nonpositional
systeas, which vould contain all possible similar numeration systeas.
This theory is developed/processed by the vorks of the series/row of
Soviet scientists and it came tc light/latscted/2xposed the already
very interestiny numeration system, which possass diffsrent spacific

propsrties, important for the efficient practical realization.

Anothar not lass important direction - generalization of the
systam of resiiual classes to the objects of morm complicated nature
than the region of real numbers. Work in this direction wvas conducted

in the institute of mathesatics and mechanics of AR KazSSR.

The following in its complexity is the region of coaplex
numbars. The coastruction of numeration systea in the rasidual

classes in complex domain proved to be possible on the basis of the
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&aussian theory complex integers, and daussian idea of the
isomorphisa betveen the ccmposite deductions of a number on the
composite amodulus/module and his real d2ductions according to the
nora of this moiulus/module made it possible to wholly replace the
integrated numecation system with real and thereby virtually it
created tha possibility to work in the real region with complex
numbers as a whdle without their separation into real and coamplex

domains.

It is difficult to overestimate th2 practical valae which has
this possibility for solving the tasks, formed/shaped in the taearas of
complex guantities. The algorithms of the solution of probleas
considarably ara simplified, since in them is absent this
element /cell, as isolation of the independantly real and alleged
parts of the values and their couplings, and th2 productivity of the

solution of problems in this case sharply grows.

Page 6.

Tha possibility to use with a coaplex numbar (or flat/plane vector)
as by the elemantary inseparable cbject proaises the interesting
prospects for the creation of the nev aathods of the numerical
solution of many iaportant tasks. Over the long term - transposition

of this method to the three-dimensional/space asultidimensional
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vectors, and also to the eleaments/cells of some functisn spaces.

The book contains the results cf r2search by construction >f
machine arithmatic in complex dcmain in the dascribed above

direction.

In the first three chapters, being based on K. P. Zauss's works
on the theory of biquadratic deductions [8], are studied basic
questions of th3 division theory, theory of comparisons, theory of
the indices complex integers. Special attenticn is paid to the
analysis of the concept of the full/total/complate systes of
deductions on taa composite moduli/modules and to the analysis of the

tables of modular arithmetic.

The fourth chapter is dedicated to th2 study of the properties

of the positional numeration systems with the composite bases/bases.

The fifth chapter contains the genaralization of the theory of
the numeration system of residual classas to complex domain and the
developaent of machine algorithms in these numeration systesms. 3y the
introduction of special coding are examined the sethods of the
abridgsment of table of modular addition and multiplication. Ara

studied the operations of shortening and expanding the range.




"
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The book will be of interest both for the mathematicians, who
vork in the rajion to the theory of mathematical machines and their
uses/application, as well as for the development engineers of the
digital coamaputers, which lead the search for tha fundasentally nevw
ways of orjyanizing the arithmetic units of computers and increase in

their efficiency.
The authors express a deep appreciation ¢o E. I. Al'zamarova for
the shown/render2d help in the calculation of tables and the

foraulation of tha manuscript.

The authors.
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Page 7.

Chapter 1.

DIVISION THEORY IN A RING OF COMPLEX INTEGERS.

§1. Ring of complex integers.

L2t us designate through I' the set of all complex numbers
a+biﬂ':I=;n, r2al and alleged parts of which are integers. Such
nuabers are called complex integers or whole gaussian numbers
(sosetimes by Gaussians) in the honor of K. P. Gauss, who for the
first time in d2tail studied the arithmetic complex integers in tha
famous research "Yheory of biquadratic 1eductions™ [8]. Subsequently
complex integers we will triefly write/record ts.k.ch., vhole rasal

nuabers - ts.v.ch.

since for any ts.k.ch. u, w,ve [ s Fu/filled
ut+wer,
uwerl,

—-—u€rl,
aQoreover

U+ W=y,
YW == oy,

4 (10 + 0) = uw + yv,
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then sat of ts.k.ch. I' 1is carried out comamutative ring.

Ring & 3o03s not have zero divisors, which is aquivalent to the
assertion: from condition uew=0 it follows that, at least, one >f the

cofactors is equal to 0.

L2t us dasignate through P the set of all complex nuabers vhose

real and alleged parts are raticnal numbers.

Page 8.

Since sun, diffarence, product, quotient (if divider /desnominator it
is different from 0) twvwc nambers cf P again belongs P, then P is
fiell., Ringy & is zontained in field P, but it is not it really is

easy t> construct quotient of two ts.k.ch, which is not ts.k.ch.

Any number . >f P can ke represented in the form of relation of

two ts.k.ch.; therefore P call the quotient field of ring I.

Norm of ts.k.ch. z=a+bi is called the squara modulus of this
number. Por the norm is built-in the following syabol:
izl =a?4 (1.1)

It is obvious,

jzwi=lzl-lwl. (1.2)
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§2. Divisibility in the ts.k.ch. ring G

Since

a~ b ac+bd = be—ad |
¢ ~di = PEEPT R ..“d'l' (21)

w
—_— =
2

that divisibiliecy "completely™ of ¢ts.k.-h. v to ts.k.ch. z is
equivalent to 4ivisibility of ts.v.ch.: as¢tbc, bc-ad on |z' =a’-b oC
gc ~-5d =0 (mod "2 );
be—ad =0 (mod  z"), @3
In such cases it i3 accepted to vwrite z/v (it is read: "z divides
¥") , othervise: zxw;i%hat the relation of 1ivisibility in riang &
possesses the f3lloving properties: 1) z/0, 1,2z, z/z for aay z: 2)
0xz for any 2z {z#0): 3) from z/v, ws/u it follows z/u; 4) from z/v, u/v

follovs zu/wv; S5) from zu/wu, uk0 follovs z/vw; 6) from 2 w (1 ..1<n)

follow

2/ ) U W,
r ]
=]

for any uy, Uz..., by

If ts.k.ch, !/1, then it is called the divider/denosinator of
unity. Hence it follows that the dividec/dsnoaminator of unity in riag
G are all thosa nusbers, the reciprocals nuambers to which thers arce

ts.k.ch,: l“=-%- and s«leT.



DOC = 81024001 PAGE 14

+"' 4is also the divider/denoainator of unity.

Since r=(r')"!, ehat

Purther, since ¢-¢'=1, that le-e'|=lel lletf=1.

Page 9.

aust be ts.v.ch., latter/last

Since the 15ra of ts.k.ch.
Thus, ts.k.ch. 2

squality is possible only vhen .!=1 and e =1

then only then (¢t i3 ¢the divider/denominatasr of unity vhen izi=1.

L3t z=aebi and 25=1. In that case

gt b =1,
Lattsc/last equation has the followving solutions in the intsgers:

a_—_-l'b:;O;azo'b; 1.

In othar voris, in ring & four dividers,/dencainators of unity:

el i e

Ts.k.ch, that differ fros each othar in teras of the multiplier,

squal to the divider/denosinator c¢f unity, are called associated.

Thus, the nuabecs, associated with ts.k.ch. a+i, will be

U“h —a—b; —b—ai: b—al,
and,tl.k.ch. a-bi (conjugated/combined to nusber atbi) - the nuasbers

—a—~bl; b+ ai; —b —al.

A sosevhat special position occupy the associated numbers

@—~al; —a—al; —a-+al; a—ali;
* —— t .'. -
b; —b; bt; — bt (a. s chede
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vhich 1iffer in terss of the fact that are connected in their group

the conjugated/coambined numbers.

The reolatioson of fissionability is invariant to the
dividers/denominators of unity in the sansa that it is not brokaa, if
given ts.k.ch. are replaced with any others, vith thea those
associated, i.9.,, if ¢, e; - dividers/denominators of unity and z/v,

th.n zE‘ ol w!:_..

Actually/raally, since & /1 and 1-¢, that & ‘¢ pPurther, since

z/v and 4%, that 2 < uws,.

Exasple. 3¢2i divides 4+7i, 1.0., (4+74)/(3¢2i)=24.

Also (3+21) (-1) divides (4+74)1, i.e., (~-7+44)/(-3-21)=1-24.
§3. Prise nusbecrs of Gauss.

The dividers/denominators of unity and all numbers, associated
with ts.k.ch. 2z, are called trivial dividers/denominators of ts.k.ch.
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Page 10.

Ts.k.ch. are called composite/compound, if there are nontrivial

dividers/dencainators of this numter, and siapls - otherwvise,

Prise numbars we will call the prime numbers of Gauss (p.ch.G.)
in contrast to the ters "prime nuabers (p.ch.), difference from the

tera "prime numbers (p.ch.), which relate to ts.v.ch.

It is obviaus, any composite/compound natural number is

compositescompound in ring &. However, not any p.ch. is p.ch.G.

Actually it is known that p.ch. of fora 4n+1 are
decomposed/expanded into the sus ¢f squares; tharefore such nuabers
can be represented in the form cf the product of tvo of those
conjugated/combined ts, k.ch., as, for example, 2=(1+i) (1-1),

S=(2¢4) (2-1).

But p.ch. >f form 4n+3 are p.ch.G. Actually/creally, let p.ch.
p=4n+3 and p=(atbi) (c+di), then p=(a-bi) e (c-di) and, therefore,
P2 =(a®+b?) (2 d?).
Since p - p.ch, than aZ+b,=c?ed2ap, Purther, in viev of oddness p

nunbers a and b have opposite parity. Lat a=2k, b=2a¢?, then

p=al+ b =4k +4mt +4m+1,
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i.0. p=1(mod4), whereas p=3(mod4).
They arrivad at the contradiction.

Theoram 3.1, S¢ that ts.k.c<h., z=a¢bi(a, b#9) would be p.ch.G, is

necessary and it is sufficient so %hatlizllthere vould be p.ch.

Proof. Let |jz||=p -~ p.%he. &ud let z=uew, then
P=luil-fJwi.
Since norams of ts.k.ch. are ts.v.ch,, then one of the aultipliersiuj,
wWllmust be equal to 1. Ifllwli=1, then v - divider/denominator of uanity.

Thus, 2 does not have other dividers/denoaminators, except trivial

onss,

Conversely, lat liziil=a2+b2 be composite nuaber and let p/liz|] (p -

p.ch.). Ar» possible tvwo cases.

Case 1, p - p.ch. of fora Un+1, then p=a2+82; let us shov that

ts.k.ch. z is 1ivided into a+tip or on a-4i8.

Page 11,

Ve have squalities

a+d _ ei+ 3 L h—ad
ket &) p ¢ ’ ’
a+td a3—bH3 |, bHz4g3

- - -
Femi3 ] ! p
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Hence we obtain the identities

Wz liep=1(ax+ b+ (bx—ai)}

1z} +p=1(a2—b3)*+ (bx+a?)%
Further, since

(@24 b3)(a2—b3)=a’p—2% 2z,
the either p/(aa+bp), or p/(aa-bB), In the first case from the first
identity it follows that p~(bu—af) and therefora (atip)/(atbi); in
the sezond case from the second identity follows that p/(batap) and

thersafora (a-i8)/(a¢bi).

Caseo of 2. p - p.ch, of form 4n+3; in that case nunber jjzliza2+b2
is divided int> p if and only if p/a and p/b, i.s., number a+bi - is

composite /compound.

Thus, it is shown that if the norm of ts.k.ch., z is

composite/compound, then nuaber itself z - composite/compound.

Corollary 1. Nora |z} p.ch.G., 2z is either p.ch. or square p.ch.;
in this case in the first case p.ch.G. has diffserent fros zero resal
and 2lleged parts, and secondly - p.ch.G. with an accuracy to the

dividers/dencainators of unity coincides vith p.ch.
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Corollary 2. Sat p.ch.G. can be classed as follows:

(s () )]

™a Hpoctnie yxcaa Iayeea (o w. I.) opma n. 4. T,

0 1 H -1 —i tz- =1

1 141 =14 ~1—i  1~i [z =2

2 a4il —B84jz —z—id B—ia iz =p—n. =
p=1 (mcd 4)

3 P ip —-p —ip jzl =p2 1
p=3 (mod 4)

Kay: (1'). Type 2f p.ch. (2). Prime numbars 0of Gauss (p.ch.G.). (3).

Norm of p.ch.G.

§4., Properties of 3ivisibility in ring G

Theorem 4.1, Por any ts.k.ch. z and p there are ts.k.ch. t and r

such, that
z=tp+r, (4.1)
noreovar
fri<ipl. (4.2)
Page 12,

Proof, Lat z=a+bi and p=atip. Let us consider the number

a-+bi axlbd . ,agl—1bp .
B —t— P g S
13 Y t R M

.r
#tand ¢ - respactively nearest ts.ch. t> the real and alleged parts

of the fraction, i.s.
[r=f| <5 |3—7] <= (4.3)
. . \2, i \2. .
de fora ts.k.ch. t=zre¢le, “hen

2 _ - /g1—=b3 . 2 ‘g% —1h 2 1
] 4, (= ')'+( P ST
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Let us assume r=z-tp, then z=tp+r, moredver

0oz L
o= |i5=e

H a1
=ly;-—4L:PJ<§7THP.<(ﬁP‘.
The property of ts.k.ch. expressed by the proved theorem, aeans
that ring & is Buclidian ting [7], for which remains valid the
euclidean algorithm., Buclidean algorithm for ts.k.ch. will be

dascribed below.

Relationship/ratio (4.1) is generalized the relation of
44visibility, in this case, as usval, number z is called dividend, p
- by divider/denominator (modulus/modul2), t - by the partial

quotient, r - by ramainder/residue.

The relativaly partial quotient (t) and remainder/residue (r)
theorea 4.1 claims their only existence. Requirsment (4.2), genarally

speaking, does not provide the unigueness of pair t and r.

Example. ,_3_ 4, 1pl=18.

S+4i=1p+(@+20), ,2+2|=8<1pl,
5+ di=m2p(—1), i—1'=m1<pt,
5—dim@+ip+U—3) 1—3_ =10< ip..
A quastion about the conditicns of tha uniquensss of
represantation of ts.k.ch. in the form (4.1) has important valus for

the machine arithaetic of ts.k.ch. and it will be examined below.

Por ts.k.ch. by the usual method is built-in the concept >f the2
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greatest common 3divisor (NOD). Ts.k.ch. d is NOD of ts.k.ch.

2,20 ..., 2 d=(21, 22, ..., 2,)), if
1) d is the comaon divisor of all nuambers 21, 22 ..., 2,
2) 4 are dividad into any common divisor of nuabers 2., 2;..., z,.
Page 13.
Ts.k.ch, 2, 2,...,2 1is mutually simpla, if (7,2,....2,) =1
Theorea 4.2. For any final set of ts.k.ch. 2.2,...,2, theras

axists with an accuracy to the dividers/denominators of unity orly
NOD. In this case ¢=(2, 22 ..., z,) when and only when

1<k n (4.4)

vith some ts.k.-h.wy u, (1 -k "n)

2 21 v Z4
roof. Cn the basis of ts.k.ch. & we form set of ts.k.ch.
2y means of all possible combinations of form %h
k-l h z,,.

Sat L - subcing, since from a.b%€L 4t follovs

a-belL,a, bel,
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L2t us consider the norms of all ts.k.ch. of subring L. Since
fromiiz\=0 it follows 2z=0, then among different from zero ts.k.ch.
sets L there is, at least, one ts.k.ch. 4 with the smallest value of

norn.

L2t us show that any ¢s.k.ch. z€L is divided into 4. Let
z=qed +r, wharsjlc)i<ljdi,Since d.zeL. that r=2—qgdc¢L. Bu% ts.k.ch. 4 has
on set L mipimum norm; therefore frcm conditions r¢L and r < d it

follows that r=0,

Purther, since 2z, €L(1<k<n), first d-2, 1Tk “n) i.a. carried
out condition (4.3); since d€L, that will be locatasd such ts.k.ch.

u,Us....u.. that

d == Vuk Zk'
s
k=1l
i.e. is satisfiad conditicn (4.4). But any ts.k.ch, d, vhich

satisfles conditions (4.3), (4.4), is NOD of numbers z.:.....2n
Page 14,

Actually/taally, from (4.3) it follows that 4 is tha common divisor
of nuambers 2, 2;,...,2, and from (4.4) it follows that any coammon

iivisor of numbers 2, 2, ...,2, is dividar/dencainator of ts.k.ch. 1.

It remains to show that NOD is determined by
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relationships/ratios (4.3), (4.4) with an accuracy to the
dividers/denocminators of unity. Let it be ¢ - divider/denominator of
unity, then (4.3) and (4.8) it is possible to present in the forna

2y = (e+d)(w,-e),

n
ed = ¥ (ewy)e 2,
| =38
i.e. t3.k.ch. t-d also is NOD of elements/cells, 2,2,...

Corollary 1, In relationship/ratio (4. 3) numbers w, Wy ..., W, are
mutually simple, in this case
Eu. w,, = 1.
k=]
Corollary 2. If w, wy ..., w, - is mutually simple and
Zk = dw,, (1 <\ R ~ n)v than

d =(zl’ 22y 0esy zu)‘

Corollary 3. If z=ae¢bi and (a, b)=1, then (z, z)=1.

In fact, lat us assume that (z, z) =p (p#1). Since (Z, Z) =p and

{z, z)=(z, Z)s than p - ts.v.ch., Hence we consist: z=p(a,+b,4i), wvhich

contradicts coniition (a, b)=1.

Theoram 4,3 (2uclidean algorithm), NOD of ts.k.ch. z, ¥ can be

found with the help of the algorithm, dascribed below,

Proof, If w=0, then (z, v)=z; but {if ‘fo. then is realized thes

process of consecutive indexing on the 1iagrae
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z=wq+r, inl<fwl]
W=riq+r, frol < e
ry=r;qs+r; Nryd < raf
e e e C s e e e e e e e (4.5)
Ce—2T=Te_1 Q4T ire | < rey |l

! Fam1 = Tg Qg rn-1=0
Since all §r;% - whole non-negative numbers and

bwl>8rnl> >l >...,
that the described process of ccnsecutive indexing is final and at

certain s+1- stap/pitch ve will otbttain r,.:=0.

Page 15,

Lat us show that ts.k.ch. 7 will be unknovn NOD. Pronm
equalities (4.5), a3xamining/scanning tham from bottom to top, ve sSae
that

r./rl—h r,/’.——!y r./rl-—h-... r./w' r./zv
i.e. r, is comadn divisor of ts.k.ch. z and w. Let nowvw § - any

dividec/denonminator of numbers z and v, then, examining/scanning

N
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aqualities (4.5) also downward, we note that

C/ru c/rZ' C/";,..., :A'f’,,

1.0. 7'.=(2' ll.’).

Observation. Using a auclidean algorithm, it is
NOD for any final set of *s.k.che 2,, 22 ..., 2, fron
di=(2,, 23), dy=(di, 23), dy=(dr, 24), ..., d = (dn-2, 22} =(21, 25..., 2,).

Example.

a) To find NOD of ts.k.ch. (1431, 1-31):
1+3i=1—=8) (—1 4+ (=1=i), t—=1=i =2

1 1
a1 8i f = .10,
< 3 1 i 5 10

1—8ism(—~1—i)(1+2)+0,
1+8,1—8)=—1—i,
b) to f£inl NOD of ts.k.ch. (—3+ 29 3+ 11, 10 + 4i):

—3+W=B+11) Q2+ +2+4, (2+4)!=20<§3+11i) = 130,
84+1li=(2+4)2+—1+3), I—1+3UF=10< 12+ 4i} =20,
2+4=(—1+3)A—D+0

vhence (-3+#29i, 3+11i)=1-1i, Purther

10+ 4= —i)(B3+TH+0
therefore

Theorem 4.4, If w/28 and (w, §)=1, then w/z.

possible to find

the diagraa

proof. Since (w, ¢)=1, then there are ts.k.ch., u;, u; such, that

Uy 0+ gl 1,
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Page 16.

Multiplying this ejuality on 2z, ve will obtain z=u wztu, ((ez). Since

w/8ez and v/u,zv, then v/z.

Theoraeg 4.5. If z - any ts.k.ch, and p - p.ch.G. then for (p,

z)=1 is necessary and sufficiently, in ordear to pxz.

Pcoof, Lat (p, z)=d; therefore d/p. Since p - p.ch.G. the
ts.k.ch. d can ba either the numher, associated with p or by the
divider/denominator of unity. But 4 cannot be the number, associated
vith p, since othervise they would have, that p . d. but since d/z,
then would be obtained that p,sz. thus,lldli=1, i.e., d - the

divider/dencnminatoc of unity and, therefora, p, z is autually siaple,

Conversaly, f (p, z)=1, then pX&, since froam pxz and p/p vwould

follov that p/' that it ccntradices so that ||pjj#1.

Theoraam 4.5, If product of ts.k.ch. Z,®Z%...* 2, i3 divided ianto

p.ch.G. p, then at least one of the cofactors is divided into p.

proof, By induction on n theorem can be reduced to product of
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4hén
tvo ts.k.ch, z,¢z,. If p/2,, o according to thaorem 4.5 (p, z,)=1,

then according to theorem 4.4 p/z,.

Theorea 4.7. Any ts.k.ch. z, diffsrent from 0 and
dividers/denominators of unity, is decomposed/expanded into the
product p.ch,G., and besides by cnly form with an accuracy to to ths

order 9f cofactors and dividers/denocminators of unity.

Proof. Let z - arbitrary ts. k.ch, Lat us d=smonstrate at first

the axistence of its disintegraticn on p.ch.G.

Iflizli=1 aal z is not factorable, diffsrent froa the nuabers,

assoclated with z, then z - p.ch.G.

L2t 2z have the nontrivial dividers/denominators 2=c,eclt);, At
least one of th2a (let us say c,) it his the nontrivial
dividers/danominators c®,=c,c@,. othervise the axistence of expansion
z on p.ch.G. is proved. As a result of the consecutive
use/application of these reasonings we will obtain chain/network of

ts.k.ch. o, d2),, c¥;, ..., morecver izi> eI >l i> 1M > ...

Since norms of ts.k.ch. are integers, then through a finite
number of steps/pitches this chain/network is broken, i.e., each such

chain/nestwork will lead to that Jdecomposed ts.k.ch., (p.ch.G.). This
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proves to be th2 existence of the disintegration of any ts.k.ch. 9n

chh.Go

Lat us daadsnstrate the uniqueness >f disintegratison. If ts.k.ch.
z is p.ch.G. thar the uniqueness ¢f its disintagration vith an
accuracy to the dividers/denominators of unity is obvious. lLet us
assume® by the induction that is valid the uniqueness of
disintegration with a nuasber of sirple aultipliars not more than a-1.
Lat further ts.k.ch. v have two expansions (with a number of

sultipliers, equal n): w=pp,... Pn=¢,¢:... ¢, where all P, P; - p.ch.G.

Page 17,

Since v is divided into p,, then one of tha cofactors
9:.9% .-+ 9 {is 1ivided into p,. Let this be g,;. Since q; - p.ch.G.,
then ¢i=&p, whers fle;j=1. Shortening to p, initial equality, ve will
obtain ts.k.ch. with the number of cofaztors, vhich does not exzeed
n-1., Since by hypothesis for a nusbher of cofactors not above a-1

uniqueness of lisintegration on p.ch.G. is accurate, then n-1=s-1,

Thus, with the adequate/approaching numbering we will have

g=¢,p;, Yhere ¢ | =1,

Example. Ts.k.ch, 109+1321i uniquely is represented in the fora

109 + 142i = (2 + i) (3 + 2i) (4 + §) (5 — 2i).
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The concept of the least compop multiple (NOK) of several

ts.k.ch. is built-in by the usual ®sethoi:

z is YOK of ts.k.ch, W W ..., w,, 4if z is common amultiple of
numbars Wi, W ..., W, and divides any coamon multiple of thenm.
Dacosposinj/axpanding each ts.k.ch, w, w, ..., w, On p.Ch.G. wve

form ts.k.ch. z, 2qual tc the product of all p.ch.G. of entering the
disintagration at least of one of the numbers w. It is obvious that
thereby NOK are dastaramined unambiguously with accuracy to the

dividers/denominators unity.

Theorena 4.8, If ts.k.ch. z is diviied into each ts.k.ch,

pi, Py ..., Py and these latter pairvise are mutuvally simple, then

Dis P2 ooy Prr2,

Proof. Tha simple multipliers of each of the nuabers P, enter
does not have
into z, in this case any pair of pumbers Puw P cosmon factors.
Thersfore
Pir P2seces pu/z-
Corollary. If ts.k.ch. p, p2 ..., P 1is pair-vise mutually siaple,

then the NOK of numbers P, pP»...,p, 1s squal to their product

P\DP2+«s Pa
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Theorsm 4.9. If ts.k.ch. z of mutual is simple with each

ts.kech., PsPn---»Pn the z is mutually simple with product

Proof. According to condition (3, PY)=1(1<k<n), i.e. z and

n(1<k< n) are priaes; therefore z and pp... p, are primes, i.s.,

(z.00 ... p)=1.




J0C = 81024002 PAGF Jl/

Page 18,

Chapter 2.

COMPARISONS CP COMPLEX INTEGERS ANC THEIR PROEFZIRTIES.
§1. Concept about the ccmgarison.

In the previous chagter was de+terminel ¢he altorithm cf ta-
B
division in accordance with which any pair <s.K.:4, 2z and p cir or
compar2d wi¢h tha paic Ts.k.:2x. ; ard £ such, that
2=pq—r, (L)

where ri<gipi.

Tvo :S.k.ch.-z and w are called comparable in complex molulus .,
if with divisicn of z and w by p to them correspond on2 and th2 sar-~
remainder /residue; in this case thtey write:

z= w(modg).

As has already been noted abcve, conditica (l.4,7, gewnerzally

b

speaking, dces not provide single-valued determiration the vnartia

uotien* q ard residue r. Therefore it -an s2em *that % cne anl <te
q
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can correspond several remainders/resiju=s

same *35.Kech. oz

such, that .[ni<ipl, Irl<ipil. But ir that cas=2, obviously,
r, —rz == 0(mod p).

Actually/raally,
z2=¢qp-- T

- Z=@p+ry,

where iri<iph, | 1 <ipl.

Harce r;-r,={g92-9,)Fs i.€e, r;~r,=0 (mod p).

Examvle. pa3+4, [pt =25
546 m1.(8~4i)+(2+2) gyl r;=2+2% 4r|=8,
S48 =23+ 4) (=1 —=2) gy =2 rg=—1—2, Iry|=5,

but hcowvever, in this carse "—"'(2*2’)“‘1-2")-3%ﬁsmmodp)

Page 19.

§2. Basic properties of ccmpariscps of ts.k.zh.

Property 1. If z=w, w= u(modp), o z = u(mod p).

Proof. Since z—w=mp, w—u=myp, “he w=usm,p, therefore,

Z=u=(m;-m,) Pe.
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Propecty 2. If
2y = ry(mod p),

23 =r;(mod p),

then
212 2=r) = r;(modp),

%122 =ry-r;(mod p).

It is pessirtle, in particular, tc ccunt Inli<ip!, "ryic py,

prcof., Since z,=q,p¢r,, 2,=q,p+r,, then
= z=(q * q@)p+(r;try,

(2102 =(q1q2P + @ir2 + qQ2) P = Py
The corollaries of this rrcperty are th2 follcwing:

a) if 2z+w=u(modp) +hen z = u—w (mod p);

r) if =W(moedp), ctrer fo: eny tS.v.ch, u

z+u=w-+u(mod p);

c) i z=w(modp) and n - ts.v.ch. (positive), th=n 2"=w"(modp);

d) if 2Z=w(modp) and ver then V2 = vz (mod p);

e) if A,=B,(moip) and Z=w(modp), then NS4 2=

-]

B, w* (mod p).

4=

1

Prcperty 3. If 29 = wg(modp), nmoreover (g, p)=1, then

Proof. According to the condition we have
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(z—w)qg=m, p,

since q/m,p and (g, p)=1, then g,», therefcres,

z—w = 0 (mod p).

Property 4., If z=w(mod p;) 1<i < n, DOL2OVEL Dy, P21 ..., P,
vair-wise mutually siavcle and P=pp....p,, then z=w(modP)
Page 20.

Proof. According to thecrem 1.4.8, P/z-v.

Property 5. If Z=w(modp) and P=gqd, lig]l #1, then z=w (modygq).

proof. Since z-w=mp and p=ad, then z-v=mdj, i.z. ¥~ % =0(modg).
$3. Concept about the full/total/complete systen of deducticrns.

Oon the given one modp (pGI) the set of all ts.k.ch. is
divided/marked off into the set of the nonintersecting sets each of
vhich joins in itself all ¢s.k.ch. ccngruent letween themselves i:n

sod p.

A and 8 - two such sets. Let us shov that they do rot In4=rs=ct.

For +*his purpos: lat us take arktitrary 2lemcsnts/cells 2€4 ani w e B.
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It is clear that w = z(modp), sinca if would frove to be, tha<
w=z(mod p), then in view cf property 1 of comparisons arbitrary

ts.k.ch. from A would prove tc te ccmparabls with arbitrary ts.k.ch.
from B and theraby regarding both set A and B they would prove to he

coinciient.

This separation of set I irntc the subsets is called sevparatice
into th=2 classes of equivalences ({(in this case “wo ts.k.ch. ar2
considered equivalent, if they are congruent Letween themselv=s in

mod p).

Each =slement/cell of the class of squivalency is called by %hs
represantative of class. It is cbvicus, any representative of class

uniquely determines entire class.

The set of all classes of equivalerncy is called a factor-set cf
ring I on elemant p and is designated by symtol Pﬂp} Using
arithmetic properties of compariscms (property 2), it is rot
difficult to show that I'/(p) is ring. With this if z and ¥ are th:
representatives of classes 4, ard Au, i.2., 2~ 4, a0d W~ d,, then

240 At A= A,

20+ A0 Ay = A, (31)

The classes of egquivalency cn mod p are called also residy:

classes c¢cn mcd p.




DOC = 31024002 PaGE 36

1f we from € .h residue class select somehow cr ora and orly fcr
one representative (deduction), then we will cbtain the
full/total/completz system of the deductions (abbreviatad as p.z.v.)

wvhich is characterized ty the fact tha*

a) all numbers cf this systepm are not congruent betwear

themselves in mod p,

(4

b) any ts.k.ch. 0of T is ccngruent with c¢n2 cf the numbers o

this system.

Page 21,

In accordance with the deterwmination of fes.v. is valid +h-

following theoren.

Theorem 3.1, Set ¢ ¢of ts.k.ch. forms p.s.v. ¢n modulus/moduls p
when and c¢nly when any ts.k.che 2€I is unambiguously representedl in
the fora

= £
where P TI (3.3)

res, (3.4)
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Proof. Let with *he rreset set of numbars o any ts.k.ch. ir =2

single manner is represented in tte forn

z=gp—r,

-

where re€c-,

L2t us shew that ip that case the set o £0-as pes.Ve A 1C!

49

Actually/really, r, re: and 7 =r, Let us show that r = r:{(mod p).

L2t us assume that nr =r;(modp), then r,=r,+mep (m=q) and,
therefore, ts.k.ch., r; in tke fcrr

ry=r,+0p, r,€:,
ri=r;—mp, r,€z:,
which representad contradicts the uniqu2ness cf the disintagration ¢

any *s.k.ch, into form c¢f forr (3.3, 3.4).

Thus, from condition 7, r€: and ri=r, it follcws tnat r&r (acA
p). it remains to be convinced ¢f the completeness of set o,
Completeness ¢ follows from the fact that any ts.k.ch. is regresent=i
in the fora (3.3, 3.4). Reverse assertion is the imaediate

consequence of the determiration cf p.s.v.

Theoram 3,2, If s, and o, - two different p.s.v. in ones ani <h-
samne composite modulus/module p, then sets ¢, and o, are isomcrraic,

in othar words, between th3 sets o, and o, ther= is one-to-one
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cenformity such, which frem the cendition

3y -3, 7, 2, € 3,,

>3, 3, hec

follows o 2
1y - 2§ + 8y,
2+ 20—+ 8.3,

1

Page 22.

Proof. According to theorem 3.1 any element/cell €3

)
0

unambiguously rapresen*ed in the fcrnm

1=.3+ka
where
?e’zn—
moreovar to two different elements/cells 12, 1,€3 in this way ao»
compar2d two different elementsscells 3;, 383y
11=:J‘1_-‘--klp|
B =3+kp
Actually/r2ally, from the assumpticn 8,=f, it would follew <hz=
3 =12;(mod p). The latter is impcssitle, siace % *12, and %, yg; The
iscmorphism of zonformity follews from the fact that
3y + 3= (3 +3) + (& - k) p,
2035 =3 33+ (1 kg + 3o Ky +— Ry k2 P) Py
That presented above can be summarized as follows: the opacaticn
of compariscr of ts.k.ch, ¢n the preset modulus/mcdule p rnaliz=s “h»2

single-valued (but not cre-to-cne) reprasentation of rirgq I' mn=>
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quotient ring T/(p), in this case circular operations (adii*icn,
multiplication) on the elements/ce€lls on factcr-ring I/(p) are
equivalent circular by the creraticns of ring I' on mod p above tha

represantatives of each class cf equivalency. In cther worids, the

[ 1N

study of the properties c¢f ccumpariscns is a2quivalscs %o <h2 stuly 2

the properties cf the ofperaticns ¢f quetient :in;‘r\PL

ih

L3t us illustrate this pcsition on some important preper%ias o

the th20ry of comparisons.,

Theorem 3.3. If ts.keche w satisfirs condition (w, p)=1 and if z
passes p.s.v. on mod p, then ts.k.ch. wz+§, whare §{ - any ts.x.ch.,

also it passes p.Se.v. On rcd f.

(Y]

nenr+ts/call

tn

Proof. Let us designate thrcugh n(p) a number of =l
of p.s.v. on nod p. It will be shcwp below that for any ts.k.ch.

p r@)=lipl.

Since z accapts n(p) of differont values, ¢then the linear fczn
wz+§ also assum2 n(p) values., Let us show that if #1T22(modp), <iren

w2, + (= wz; + {(mod p).

L2%4 us assume tha+*

wz 4= uw g
then 1 23 + L (mod p),

W3, ™ w25 (moi p),
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since (wp)=1, then hence it follcws *hat
* zlszz(modp),"

vhich ccntradicts irnitial ccnditicn.

L2% us pause at scme corcllaries cf this.,
Balow we will assume that p.s.v. on mod f includes nuabers J ani
1 belong to the different classes c¢f equival2ncy. Let us furthar noi2
that p.S.v. which is formed by the valuss of tha linear €orm oI wz+g
can be compared with p.s.v. whose value accepts the

variable/alternating z. Then themrem 3.3 can t2 paraphrased as

follows.

Theeram 3.4, If (w,r)=1, then the comparison
wz + = u (mo:i p), (3_5)

where § and u - any ts.k.ch., has single solution, belonging *o

PeSeVe

Observation. Let z4, - soluticn of comparison (3.5 in ths szns:

indicated, then, obviously, any ts.k.ch, from tha class cf

equivalency, representative of which is z4 it is solution (3.95).
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Theorem 3.5. If (w, f)=1, then the comparisorn

wz=1 (mod p) (3.6)

has singularly solution of w !, belonging to E.s.V.

Zxample. T> find “he soluticr cf the comparison

Here (1 + %) 2 = 1(mod 4 + i),

1+2 441,
thereforz comparison has the unique solutiorn, which belongs *c¢

PeSeVe, ie2.,

zmw )l 1_41__”:—14-:(-z-od(4+z')).

Theorem 3.5 is corcllary 3.3. In this case the residuz cf

ts.k.ch. ¥ on mod p is called reverse tc deduction ts.k.Ch. v.

Corollary. If p - ge.che I, ther conditior (w, p)=1 is sa*isii-|
for any werl. Consequently, if p - p.ch.T. *hen any element/cell fron
Pe.S.v. has reverse, i.e., p.S.ve. ¢n the simple modulus/aoduls is

formed field.

In the lanjuage of quotient ring [/(p) the properties indica*ad

can be formulated as follcws.

Page 24.
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1. Element/calld,er/(p), whose all r2prasentatives mutually siapl=
with p, it is divider/dencminatcr cf unit I'/(P)ias unit of quotizan+
ring I/(p) it is accepted class cf equivalencies which contains in

itself 1,
2. Quctient ring I/(p) is field, if p~p.x. I

3. If A, - divider/dencminatecr of unity cf quotient ring rﬁé)and
A, passes all elew2nts/cells I/(p), then linear forn
A4, - AT
takes 11l valuas froe I'/(p); inr cther words, if 4, - divider/dencminatcr
of unity from TI/(»),then equaticn
Ay A, + 41=4,

has unique sclution with any 4, 4.,

Thus, symbosl of ccmrarisor (=) in the language of quotient ring
F/(p)or, which the same, cf cell of elements/cells, p.s.Vv. acquirsas

the sense of the symbol cf equality (=).

Since arithmetic ts.k.ch. in different numeration systeas Jeals
concerning the alements/cells of p.s.v., than it is expedient fronm
the symbol of compariscn to pass to the symbol of eguality., For this
purpose the chosen set c¢f p.s.v. cn m0d p we will dasigratz by the

symbol

< 1,
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The oparation of extracticn frce number z on th=2 basis of modes p of
residue r, belonging to that chcsen pes.v, <+ |, , w2 will designa“s
by the symbcl

<z|, .

In cther words, if z=qp+r anére<.|,then r=<zj,.

In the lanjuage of these symbels “he mentioned agreements and
operations will take the follcwino form: I)OJ€<<~|p'for ary D,
1PI%% 2 <zl,— ts.icn. 8 <zl,l,=<2l59
<z4w | ,=Kz|,+<wl|, | 5 ; £ <ff”]f=<“h.+ﬁen
<zlp=<ul,—<w|,], 6 <m|,=Kz],<wl,isD 1t @ =1,

then there exists the single remainder <% '|,s5uch shatkz|,<z1|,| ,=1

Obsarvations. 1. In ring .T syabol <zl, is analog of syuhol
lxl, in zing of ts.v.ch. [ 11], i.e., d2duction 9f ir+teger cr raial

modulus/module p.

2. Since for complex numbers the concapts "more" and "less" ac=a
deprived of sense, the rarticipaticn of ¢riangular parenthesis in

reccrding <2}, cannct introduce ambiguity.

For the image cf elements/cells of p.s.v. heanceforth we will use

2ainly Greek latters a, £,y Yses s
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Page 25.

4, Por image of p.s.v. on real modulus/mcdules we will use symool

l']p-

4, Primietive roots and indices.

Theorem 4.1, If ts.ke.ch. ¥ saticfiss conditicn 2 ~w ar ilpl=N,
then
w¥-1=1 (mod p).
Proof. Let ¢ indicate set of fullstotal/complets system cof
deductions <+ ,={ n,,6...), from which is excluded the deduction,

which separatas iato p.

N2 fcrm <he set of 2he cvroducts

syl

:U,':, w.'.v wE, . .}.
s, -

3
- 13 SO0V

¢

wi = ¥ (mod p), w7, =1’ (mod p),

we=¢e¢'(mod p),..., rae &, v/, ¢',...€5, (4.1)

& ————— " —— since according to theorem conditicr non~ cf
the numbers of sa*s o' is divided irto p. The s=2t oZ numbers
Y. w,¢,... let us designate thrcugh ¢". W2 now Zorm the products c*
single numbers of sets o, o', o", *aking into account that a Juantity

of numbers in each set is equal N-1:
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M==tv...,
M'=w”-1E~r.¢...=w”“M.
M =Vyd. ...
Then bty fcrce (4.1)
M" =M’ (mod p),

or
M’ =w -1 M (mod p), (4.2)
but
M"=M'
since numbars ¢, n,¢,... cf set o" compulsorily colacide with numbsc=

of set ¢ in view of cenditicn °”€<-,,.
Page 26.

Therefore from (4.2) ve have

(W' —1)M =0 (mod p),

b4 I (wN—l —I)Mo

vhence, on the strength of the fact that pxM, ve have _'[;,(wx_;“n
which is equivalent to '
w¥-1=1 (mod p).
Theorem 4.2. If prw «d ¢ while t is the srallest index for which

w'=1 (modp), then t is the divider/denominator cf any other irdex Kk,
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for which
w* =1 (mod p). (4.3)

Prcof. Let ¢t xk, then is fcund such ts.v.ch. n for which
differance rt-«<<t, In view of the property cf compariscrs fren
thecores ccnditisn we have

w* =1 (mod p). (4.4)
Furthar £rom (4.3) and (4.4) we ge:x
wt —w* =t —1)=0 (mod‘p).
whence, since wWe have p o,
wmers 1 (mod p).
Consequently, th2ra is a degree of rumb2r w with ¢th= index l2ss thrar
t, for which is satisfied the ccrdition W@ '=1(modp), and this

contradicts +haor2m ccrditicne.

Corollary ¢ | N—1 (N=j3p)) or t=N-1, since acccrding *c theorer

4.1 w¥N-1=1 (mod p).

If t=N-1, then w is called primitive roots on mcd p, The

following theorem shows that this primitive rcots exists.

Theorem 4.3. Let N-~1 have the disintegration into the simpla

multipliars

N—1l=a'be,..., (N=1pl), (4.5)

where a, b, ¢, ¢«es. - prime numbers, and let it b2 further A, 3, 3,
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eee = tsS.kKeChs not divisitle irtc  rumbers whizh ic netw sa<’®

respect to the comparisors
-l
x e 51 (mo.’iP)-

N-—-1

—

X b = 1 (mod P)-

x ¢ =1 (mod p)h

th
(34

then, i S.K.Ch, W 3satisfies tre conii<iorn

N -1 V-1 N -1

A% .-B® .C °...=w(modp),
w is primary rost on ac! r.

Page 27.

Proof. Let us assume that ¥ is nct rrimitive rcots., This nea

index ¢ - spallsst congruent wi+h urity dagr=e of nuakez W

divider /denoairnator N-1 (see ¢theorem 4.2). Cons=Juently, ﬁ;i :

integer, greater than unity. It is cbvious, the siaple muls:

a number are coatained amcng rnurber a, b, €, e

Lat a be the divider,/dencminatcr of <his nsumber, i.e.,

a, but by hypcthesis w'=1(molp), <therefcra un =1 (moi p),

N-=1

w® =l(moip), ©OF

N1l N—1 N1 N¥N—-1 N-1 N-1}

A q? e B P a Cg? a L El(moip). (1.6)

From (4.5) it is evident *hat N—! is ts.v.ch., and tharercr>

rs Tracs

<

nlircs

o ovic

R
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of theorem 4.1 it follows that

N—1 N—1 N-1

BT' s __ (BN—I)_:;‘-

= 1 (mod p)

and ir axactly the same manrer N—l is ts,v,ch.; *harefors
ac’

c ¢ =1 (mod p).

Consequently, frcm (4.h) wa ccnsist <hat

AY =1 (moi p). 4.7

Purther we select ts.v.che A>J such, that ipler,,.=1(modg). 75135 i3

possible, because (P¢'...a)=1.

Page 23.

L2t us assuma now AVPe’. =1,qu thten, otvicusly, from (u4,7)

have
bl 1Y el
A" ° =1(meip)
* N—1 N—1 N— —
Aenee, AT T e T v — e+ ¥
that
: ::l$ uv—n»o‘l':—l
A =4 = 1 (mod p)
or
N-1

AlN -lg“‘ 2 —~ l (mod p)'

but acceriing to trneorem bl AWsbagpag ) therefcre proradly

"
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= 1{(mod p),

but this contradicts *heorem condition.

Theorea d,4, If w is primitive rects on meil of p, then <hz *er
cf *he series/row

1, w, w?, ws,..., wv¥~2 (4.8)

-

comprise <he “2:tal system of deductions cn mod », with excsr<ior c¢f

zerc deduction.

precf. L2t us suppcse seriesyrow (4.8) dcas net corprise <i+ | p
+hen among the members c¢f *this series/rov are locatad such menmbhers,
as satisfy the condition

w! = w' (mod p),
where fcr “he clarity let us assure 0gk<d<N-1 or

w!—*=1 (mod p),

but this contralicts the determiration of primi-ive roots.

And here, as in the case of real numbers, it is possible %o

introduce the coacept of index.

1f A=uw* (modp) (byt this always cccurs according to thkesc:n
4.,4), where A - ts.x.ch., then p is called index A on mod p wisth

basis/pase p with base w and is designated by the syabol
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p =ind, 4.

It is obvious, has the place

indABC...KLEindA-*,-indB-rindC—,*—...-l—
—ind K ~-ind L.
fajge 2J.

Actually/r=ally, ws have

A = wind A (morl P),
B =w'"¢ ?(mod p),

.....

L=w"rdZ(mod p)

and a2ftar gultiplication we will clt<+ain

-

AB...L =ywinda-isd B - ... »mdL(ln'odp)’
whence the sunm
indA-r'-indB*...«LindL-,
being one of tha2 indices cf prcduct AeBeC... oL, is equal tc
ind4-B-C...L=indA--indB—indC ~... - ind L.

Example. Let us lock the table of indices for modu+i. Her:

p=u+i, N=/4+e. =17, apnd as +the primitive roots can be takzn w=-1-i,

since

(=1 —ip¥ =1 (mod gi).
Therefore we find
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(—1—i)0 = 1, (—1—: —1
(=1l—iPp=—=1—=i (—=1— =1+,
(—1—if =2, (—1—i)y0=—2:.
(—1—iP=1-2, (= 1—ipl=—1-—2,
(—1—if =1 (—1— 0¥ = —
(—1—i)p=1—1, (=1 —iM==1-—1
(—1=i)¥=—2, (—1 — )

0
(—1+il=—2—0 (=1-0P 2—10

and *ari? “4il) no reprsséenzed ir o tns followin
@) ! & 2t ‘
U)Mnnexc Brurer i Hagexc Bu%r ¢ Huaexe

| | 1

0 1 6 —2 12

1 —1—i 7 =24 13

2 2i 8 —1 | 14

3 12 9 S G 13

4 i 10 b= :

5 1—i 11 | =1=2i i

Leduc+ticn.

sl
®
~
.
PN
L]
"4
8]
fu
(1)
»
’
—
[
~
L]
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Page 32.
Chazs*er 3.

MCST IMDPORTANT METHODS OF THE ASSIGNMENT OF THE CCMPLETRT SYSTINS OF
RESIDUZS., ANALYSIS OF TAEILIES CF MCUULAR ARITHNMETIC.
31. Merthod ¢f ¢n2 assignment ¢f the full /total/complete sys+en oI

deduc*tions.

L2% p=c+di ~ mcdulus/mcdule and z=a+bi - azbirrary ts.k.ch. %=

havea
a+bi  (a-=bi) (c—di) __ac+hd .._ibc—ad

cwdi s P N " P

(1.1)

Let us assign certair o€ ges.ve [+| 4y, 20 real modulus/acdule !p.
Then the £ollcwing expansiors are determinad Lty the single fcezm:
ac+bd=m | pl+|ac-bd| 15

(1.2)
be—ad=my|ip|4|bc—ad | ipy.

Hare, as i* was stipulated earlier, by symbol jx|,,;¢ 15 desirinatad

deduction of ts.v.ch. X on real mcdulus/module ipf.

In accordaace with equali*ies (1.1) and (1.2) we w1ll ootain




|
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a—~bl=(m - im)p—+(jac—~bd| i,y +

+1]be—ad | i) . (1.3)

P
ipi

Since ae¢bi, = +m,i, c+di - ts.k.ch., th2n value

Page

manner, 2xpassicr (1.3) is alsc de*-rmined in a 5

(lac=bd | :p =tlbe—adl ;i) (1.4)

4
P

31,

Since zxpaasions (1.1 and (1.Z) ars i-terni

£or any ts.x.ch. a+bi fcraula (1.4) in 1 single manner

rtemainder/cesidia from *he divisics oI nuasbar a+si

consequen%ly, in vievw of theorerm Z.3.1, valid za=

fronm

respect %o th2 composite rodulussrcdule p=c+di d=pen

<a—bi|,=(lactbd]| 5 ~i|lbc—ad} ,:) 2=, (1.5

whica it Zollows that the methcd ~f assigna:2

4 .-

-k

fo %

S Ry A |

o] C"\i:.v

of assignaent 2f p.s.v. with respect *o real twciulus/modul=iipi.

Formula (1.5) w=2 will call th= basic Zcrmula of

the ccrposite modulus/mcdule g=cedi.

From basizc fcomula (1,5) £c¢lilcws the identity for the
b

S

decuctinns oo
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elements/cells of p.s.v, If 2—i3€-|, then
1= (lre+3d | s rilie—ad],, ) 5. 18

Actually/really, on cne hard, on the strength of the facz+

a4+-i3€+ |, vwe hav: <z24-%),=2—-3. On “he cther harnd, by fcrc»

{(1.5), we have

SrEd|s=(letid| i File—sd| p)-P-.

Conssquen*ly, relationship/ratic (1.6) 1is ccrrzct Zor ary tsz.<ch,.

1+ide<-|,.
Hance, in particular, we will cktain that if 2—iZe<. !, =h-e
[ac+8d | 151 =2 —3d, .
(1.7)
[3¢—ad | 15 = ?c—1d.
Let us consider a guesticn atcot juantity n{p) o zl=m=nts/Cc=

of p.S.V. ccrcerning the ccrpesite modulus/module p.

Correctly fc¢llowing asserticr.

Theorem 1,1, A number of elewents/cells ¢f p.s.v. Cn th=
composite modulus/module is ecual tc¢ the norm of modulus/modul2
i.e.

n(p)=1pi.

Prcof. Ir accordance with fcrmulas (1.7} the sa+t of *s.k.ch

form x,+ix, is formed p.S.V, ¢n mcd p when and only whern x, and
are the integral soluticns of the systems 2f tha foron
cx; +dx; =y,

(1.8)
—dx; +cxy =y,

X2

()

th
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vhera y, and y, pass the values of certair p.s.v. ca real modip|.
Page 32.
Consequently, a questicn atcuvt a rumbzz ¢f :leaents/calls cf

P.S.v. concerning the ccmgposite mcdulus/mcdule o is reducsd %9 2

guastion about a number of pairs (y,, v»), for which sys*ter

0]
=
.

(o9}

have the integyral scluticrns.

Sirce from (1.8) it follcws that

_ cy—dy,
i !

1.9
— cys+dy, ( ) .

it ?
then the stated requireament satisfy only +<hcse paiss (y,, Va2), Z2T

which it is carried out

—dy, =0
| 1 (mod ' p ) (1.10)
| cys —dy, =0

Subsequently it suffices tc considar thres casas,

casa 1, ct0, 1=0, (lpl=c?. System (1.10) *akes “he fcorn

cyy =0

2
v =0 (mod ¢?).
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Each cf these comparisons has s c¢f diff=2rent (inccmparaple ¢z mci )
solutions arnd, therefcre, in all differaant vairs (y:, Ya2), whiczcr

satisfy system (1.10), there will Lte c2, 1i.e., |pl.

Case of 2. ¢, cdfO, mcrecver (¢, d)=1. In this casz apn<irs =<r=
possibility cf resolving cre c¢f cemrarisons (1.10) relative tc any

variable/alternating, since (¢ lipl)=1 ani (@, iph)=1.

Solving, for 2xanfple, the firs* ccmpariscn is relative y,, 4°

will ob%ain yi=|ctdys| 15.-

Givinpg tc value y, values frcm p.s.v. modlpl., we will ck<ain
lpii . 3ifferent pairs of numbers (y., ¥2), Which satisfy =~he first
comparison of system (1.10). Let us show *hat tnase pairs sasisiv *he

second compariscn.

Actually/rsally, we have

leyz+ay | 150 = | cya+d | c~tdy, | 120 | ip1 =

=le (S +dYys| 1,0 =0.
Page 133.

Thus, a number of different fairs (y,, Ya2), which satisfy syszin

(1.10), is aqual %o lpi.
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Case of 3. p=pp,;, where p,=c,+d,i, moreovar (c,, 2,)=1 a~1 p -
ts.v.ch. Systems (1.8) take the fcrm

{ pleyx, +dyx) =y,

p(—dyx; ¢, x5) =y,

Prom this it follows that for the integrality of the solu<icns »F

O

system (1.3) in ths class of rpairs (y,;, Y2) it is pnrceszary <«
examina those d2ducctions y, and y, cr modipil, which satisfy <bre

requirements p/yY,: p/Ya-

La% y,=prC;, Y25pTr. In acccrdance with ¢his system (1.19) wil1l

take the form

{Pz(‘-‘x"x-dx"z)go (mod o* - ) (AL
mod p° . .

2errsdir) =0 &

The sclutions of system (1.10) can ke cptained as follecws, 2ciucina

systea (1.11) on p2, we will ckttain

cry—dyry=0
(mod ' p; .).

eyrp+dyr;=0

o
2
n

The general soluticn of this system is written/recordel in

forsn
n=r9+kwpd.

rp=ry+hinl,

-1
vhere f% . ,,; and = ¢l diral 150.

In accordance with this the set of the sclutions o0f sys+%an
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(1. 10) will taka the fcrm

ypo=ery +okipt,

Yy = P"(zo"?"‘sz 1pd.
Hence a guantity of different pairs (y;, Ya2)., Where y., Ys€luapy., *n&"
satisfy cendition (1.10), will te equally to dplh, since 3 quanti*v c:f

\0) 10\)

pairs (r,. r, is equal %c lUpil, and valu2s k, ani k, can “ak~

independently only p differant values (iaductions on med p).
Page 34.

Observations. 1. As can Fte seen from procf, ir th2 casz cf 2
requirament (c, 3)=1 reduces dirersion 5f systen (1.10). Iv will I}~
evident below that this requirerert makaes i+ rossible to intrsduce
one-dlnensional p.s.v. on the ccmpcsite moduli/aodules, i.s., %>
examine p.s.v., on the ccrpcsite roduii/modules those whclly

consisting, for exaaple, cf the real delucticrs.

2. Given proof of theorem 1,1 cont2ains algorithm of corstructicn
of p.S.v. on composite modulus/rcdule p. Since this algorithr has
indeprendent interaest, ¢hen it is expedi>nt to formulates i<«

independently.

dethod cf constructicn of p.s.v. O0n the composite modulus/modul=z

p=cedi.
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Case 1, (d=0, ck0).

Pes.Vv, is described ty set ts.k.ch., x,+ix,, whece x, ani x,
inéapard2ntly pass values Ccf p.S.Ve [+l on ths £h2 real mcd c¢2.

Case 2. (df0, cf0, (c, d)=1).

PeS.V. 1s described Lty set ts.k.ch. x;¢ix,:

1 \
Xy = m(c femldr| ipy —dr),
(1.12)
= 57 lr+d | etdr |y,

vhere r passes value of p.S.v. |/yp1 on real
Casa 3, (c, 4) =p, (c=c;p, d=d,p, P=p;p).

P.s.v. is descrited ly set ts.k.ch. xy+ix;:
= r‘;ﬁ(cllc:ldx"l 1rt —dyr) (e, By —d k),
(1.13)
X2 = ,—;.—:(cnr+d, Lerldyr | apa) +(ci ke +diky),
vhara r passes value Of f.S.V. |+|;,; on real mod|pl, anéd k, ard X,

accept independantly p the values, incomparable on mod]pl.
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§2. Most custcmary p.s.v. OnR the composite moduli/modulss,

Ganerally speaking, the selecticn 5f one oc- ths cther =zvst-nm

deductions can be dictated by different considerations.
rPage 35.

As one of such considaearaticns can serve, for exampie, tha oTinsicl
of tight packing, i.e., the requiresent of that, soO tha* =s.<.0r.
that are the dzductions cp mcd g, would tigatly cover/coa* ceZ®:llL

geome+ric form,

L2t us explain the character of th2 location 0f ths in%e€7ys:
points of composite plane, which regresent ts.k.chs, divisibles irco

modulus/mcdule p.
Let p=c¢di - preset modulus/module (¢, d#0).

We have

x iy
c+~1id

5
= kv e tkz kl q\ kz - . Cq. (2.1)

Key: (1). and. (2). ts.ch.

Hence
ex+dy=%k ipl, (2.2)
—dx+cy==Fk ' py. (2.3)
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The joint solutions of these equations with the arbitracy wholas ¥,
and k, dascribe the set of all ts.k.ch. separat24d intvo p. Straigh*
linas (2.2) and (2.3) fcrr crthcgenal family. After leading th2

equations ¢f thase s¢reigbt lines tc th2 zormal mode

—c.—_—_x

signk, V ad+o?
S S
B signk, ) ad+ b3 y=
= |k | Va*i 82,

—d

unth+vx+
_—
signk, Yo
=k |V a5,

we ccnsist “hat the parallel lines this family i1re arrangad ) a¢—b?

equivalent at a distance from eachk cther (Fig. 1).

The vector sense cf the pcints, which repr:asent ts.x.ch. *la*
separate into p, is such. Let us fpresent (2.1) in the fora
X +1y = Rky(c+—id)+ ky{—d —ci).
Hence it follows that the unknown pcints ar= the apaxes/vertexis cf
the integral linear cowstiraticn of +he orthegcenal vec+tors c+ii and

'd*Ci.
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Pig. 1. Gecmetric represerntation ¢f v.s.v. accordiiry w2z xzcd celi (-)

- straight lines (2.2) ard (2.3): (*) - conqgruezcy points.

Page 36.

In other words, 1€ we initial integral 3rid censidsrz as the int=3ral
coordinate syst2m with the pase vectors {1, i}, then the peints,
which represernt ts.k.ch, that separate into p=c+id, rapressr+ “">
integral coordiaate syster with the orthogonal pasa ({c+id, -d+ciy,

obtainad by the rotation c¢f base (1, i) to the angle, ~7jual =c =

1

3¢
c+id) (see Fig. 1), All ipteger pcirts, which do not coincide .i%h
the apaxes/vertaxes of the squares examined, rapresent cocaplex

integers, which do not serparate eprtirely into p=c+id.

Lat us explain the ncw gecmetric lscation of all poirts, whica

represent congruent between tterselves in mod p ts.k.ch., i.e., th:z
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set of all points, which are deterrinrinj %*h2 class 2f ejuivaleacy,

Wwe have
x iy =(k +ik)p+a+is,
Henc=2 we cotair
clx—a)=dy—32 =4k p',
—dx—a)te(y—N=k!ip;.
being congruent/equating the ckbtained systzm cf zgqua“tions «ith sys==a

the

[t

(2.2), (2.3), 42 consist that the urknown points ar
apexcs/vertexes cf the squares cf arid with the bas2 ([c+id, =-d+¢ciy,
in parallel tc that moved the vector atip. Such ociants 4e will call

congruent (see Fig. 1}.

In cenclusion let us refine: in what cases azd i what quantity
on the sides cf the congruvent squares of grid with the Dase

{c+id, =-de+ci}) carn te placed the ipteger poirn+s?

Theorem 2.1. Let p=c+di - ts.k.ch.

I1£ (c, d)=1, then on the sides of corngruent sqguares ace absar«
the integer points, different fror apexas of sqguares:; if (¢, 1) =p
{pF1), then a quantity of integer rpcints on the sidss 0f +he

congruant squar?s, different frcm the apexas/vertaxes, is agual p-1,
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Prcof.

Case (c, 3) =1, (Xg, Yo)r (X4, Yy) - *wo arditrary integer
points, which lia on the straight line (2.2). Let us show thra* =-ae

dis«ance between them s rot less } a?— b2
Page 37,

Since
d cxg+dyo=5k 'p.,
T tdp =k pl,
c{xy, —xy) = d (Y — Yo)- (2.4)

Since (c, d)=1, then

Yr—Yo=r4e
(A, » —u. g).
xl—"xo:'}d

Taking into account la*t*ers/last equalities, fceramula (2.4) le* 1s

rawzite in the form cdu=cdx or Ax=,. Thus,

b (=22 — (g1 —yo) = | 1 [ VeF—d? > ] & +db
Case (c, d) =p (pF1) . Let c=c,p,d=4d.>. p| =3 p , than
equations (Z.2) and (2.3) take the form

ax—diy==Fkp p
(cl 'd\); 1.
—dix—cy = ko, p
After leading these egquaticns *o %he norral molwe, we ara

convinced, that the corresponding integral grid has a step/pitch
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¢ —d,: But cuztings off with a lard4h 0f 2 _-g2 13 nlaced a3xactly
17 Gy 9 " —d; b Y

p once in segaent } ¢*—d2

Example 1. Figure Z shows congruent squarces the mcdulus/aodule
243i, On +he siles of sguarns is arrang2d/lccat:d not ore whcl:

points, since (2.3)=1.

Example 2. For p=3+6i in figure 3 are cortsiructad congrusent
squares. On each side of sguare ttey are arcargad/locatrd on 2

integer points, since (3.€)=p=3.

Observation. That presentec¢ makes it possible to give th~n
folloving geometric interfretaticr cf further
components/terms/addends cf formulas (1. 13). For this purpcse «-
convert formulas (1.13) tc the €form

X, +ix, = x‘lo‘ - ix(,f‘ + ke, +dy i)+ ks (—d,—c 1), {1.13)
sher=

w __ 1

-1
1 ;{p”(cx|cl dir|yps—dyn)

X

rel’lxﬂul'

1 —1
x(gm——"' Tpr"(cx""'dx { cy dyriogp.)

Henc2 it follows that the deducticrs on tha ccmpositasccapcurni
scdulus/module mod p(c,+d;i) are cttained by addition to ecacr

deduction on @21 (c,+d,i) ccmposite of the deducticns cr aod p,
represanted to scale of tle integral coordinate systam with tha

orthcgonal base {c,+d,i, -d4,+c,1i}.
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Page 38.

Pe2-51

Pig. 2. Congruent squares orn rcd (2+3i).

-850

F/'9.8.
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#ig. 3. Congruent squares or mod (3+6i).
Page 39.
L3t us now move ¢cn tc the exsminaticn of scae

concretesspecific/actual *‘ypes cf f.S.v. on ths ccmposite

moduli/modules. Let us greliminarilv not2 that the

full/total/complets systems of *he smaliest ncen-negativ=e ones and =n
full/tctal/complata systers cf the lcast positive z2sidues cn <he

real modulus/modul2 we will designate raspec4ively by the symbols:

|+] —m c.gx'.)n. B.

I-l:—n. C. a. H. B.

Kay: (1) e PeSeDelReVe (Z)e FeSe@eNaV,

2

P.s.v., cr. the compesite modulus/module p=c+di, determined py th2

formula

| ' i - P
<atbt] j=(lactbd | 7, +tlbe—ad |, {5y

is called the full/total/ccmplete system cf ths smallest deductiors

on tke composite modulus/wodule p (abbr2viated as pe.sS.n.v.).

&

P.S.V. On th2 composite modulus/module p=c+di, detzcminel by thsz

formula

<a+bl|;=(lac+bd |y, +tlbc—ad|],) o,

»
is called the full/total/complete system of the least positiva




i
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residuas on tha composite modulus/moduls p (atbreviatad as

poSoaanvo) Y
Lat us givs examples. For the calculation of p.se.n.v. and
P.Sea8e0.V. we will use the algcrithr, described in <he praevicus

paragraph (theorem 1.1).

Exanple 1. mod 3 (case 1).

() mem s (Dncann
0 1 2 —1—i l —i 1—i
i 14 241 -1 0 1
2 142 2+ —1+t i 1+

Keys (1)e DeSeNeVe {(2)e PeSec@sNaVe
Page 40,

Example 2. mod 3¢2i (case of 2)

‘@3 D=1, 13+311 =18
a) PeSeRa v, <":+”-8‘+lz'. Uhere
2= e @ 1920 [ [ —20)

. 0<rcqi12
£y = B+ 2019:20 | 3)
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erce o]

r Ic—'drl‘a 31 1 X3 <:lg.z
0 0 0 0 0400
1 5 1 1 1+i

2 10 2 2 2+2
3 2 0 1 i

4 7 1 2 1+2i
5 12 2 3 2+3i
6 4 0 2 2i

7 9 1 3 1+3i
8 1 -1 2 —-1+2(
9 8 0 3 3
10 11 1 4 1+4i:
11 3 ~1 3 ~1-3i
12 8 0 4 4i

b) PesS.a.Nl.V.

< {3y =% +xi. where

1 -
3151—3(3|—4'2r|13—2")v

—8<<r<e
£2 = 2(@r 42| —42r [k
13 .
—1 - -

r l ¢ driis x3 T2 ‘ <-ls:21
—6 —4 0 -2 —2i
—5 1 1 -1 1—i
—4 8 2 0 2
-3 —2 0 -1 -—i
-2 3 1 0 1
-1 —b -1 -1 —1—i

0 0 0 0 0

1 5 1 1 1+i

2 -3 -1 0 e |

3 2 0 1 +i

4 —8 —2 0 -2

5 -1 e | 1 -1+

6 4 0 2 2i

Example 3. mod

2+43i, ({case cf 3}).

(2, 4)me2; cyw=1, d;=2, [pfl=5,

Page 41.
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Let us calculat?2 p.S.nev. <.|,;74 1in acccrdapca with (1,13):

] ‘1 . { oo\
| ntin s (12015 =20 £ 42 1201 ) | +
SR (L4 20) 5 Ry (—2 + D),
r=01,2 3 4 k k=01,

[}
10

Table >f values =z, r;
’ ' 'Zr,; 11(0) "7(0) <.z
0 0 0 0 0+0i
1 2 0 1 i
2 4 0 2 2i
3 ’ 1 —1 1 —1—i
4 3 -1 2 —1+2

f Possible values for further cempenents/terms/addands

ky ‘ k, ky(ey ~dyi) 4 ko(—dy+ ¢ i)
0 0 0+0i
0 1 —2i
1 0 1-2i
1 1 —~1+3i
Consequently,
) <-|2+“=(0+01. —24i, 142, —1+3;
i, —2+-2i, 143, =144
2, ~2-r3i, 1+4l, —1+5i;
-1+, ~3+2i, U, —=2+4i

—14+2, —8+8l, 4. —2+5i).

Exaaple 4. mod 3+6i, (case of 3).

(3, 6)=38, ¢, =1, d=2, (ipll=5.

Let us calculate p.s.a.n.v. from mod (3¢+6i). According to (1.13), we
have:
Bt = (12 7=+ 2 | 20 1D+

+hQ+2U)F+H(—2+10),
re—2 —10,1 2 Ry Ry = -1, 0, 1.
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PAGE fl |

Table of values = =P
r f2rls = =g <y
-2 1 1 0 1
-1 —2 0 -1 —_i
0 0 0 0 0
1 2 0 ' 1 i
2| -1 | -1 0 —1

Possible values for further compgpnerts/terms/addands

* ke k(e +xdyi) + Ra(—dy +¢yi)
-1 —1 1-3i
-1 0 —1-=2¢
—1 1 ~3—i
0 -1 2—i
0 0 0-+-0i
0 1 —24i
1 —1 3+i
1 0 1424
1 1 —-1+4-34
Page 42.
Consequently,
<. 381 = { 2—3i, 1—4, 1-3i, 1-2i, —3i;
-2, —1-8i, —-1-2, —1—i, —2--2i;
—2=i, —3—2, —3~i, ~3, —4; R
3—i, 2—2, 2~—i, 2, 1—i; )
1, —is 0, i -1;
—14i, -2, —=2+i, —242, ~—8+i
242, 2+, 142, 1484, o;
38 -1+, —1+8, —14+4, —2+8)})




DOC = 81024003 PAGE ,7}_
P.s.n.v. and p.s.a.n.v. have simpls geometrcic intacprz*acti~-n, 1
i

In view of formulas (1.7) deductions x+iy of p.s.n.v. mod (c+ii)
represant the iateger pcints cf tle composite planz whose coordiaatses
satisfy th2 systam of *he inequalities

0<ex+dy<ipl,
OCey—dx<|ipl.

In other words, p.s.n.v. or pcd(c+di) with (c, 1)=1 i« is
represented as the integer pcints, arrangad/lccated wi4thin “hke sjuzrcs
whose sides are assigned ty the ecuations

cx+dy=0, cx—dy=1|p},

ey —dx=0, cy—dx=|pl,

including the apex/vertex of square witn coordinatas (0, 0).

Page 43, Prom theorem 2.1 it fellcws that withb (c, d) =p (pfl) %O
them it is supplemented cr p-1 the integer pcinzs, arrargad/lccaz2d

on two adjacent sides of the squar~

cx +dy =0,
cy—dx=0.

Lat us nota that the apexes/vertexes of square of p.S.n.v. on
mod (c+di) have coordinates

4,0, 0), Az(cr d), Aslc—d. ¢ +d). Au(—d. o).

By force (1.7) for the elemertss/cells of p.s.n.v. acccriing to |

mod (c+31i) is valid the following evaluation:




DoC

In figures 4-7 are given the images of p.s.n.v.

= 81024003 PAGE 75

1-se <. |

-+

c+di’

2(1pi—Ip
43N o <
"1, t‘ill 2 ”P.i .

of the given illustrative exarples.

cn the mecduli/aodules
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'R R,
f, a,
Pig. 4.
Pig. 4. P.S.h.V.
Pig. S. P.S.r.vV.
fi,
R
A
a,
Pig. 6.
Pig. 6. P.S.L. V.
Pige 7. Pes.n.v.
Pags 4u,

on mcd

po mod

on mod 3.

on mod (3+2i).

(2+41i),

{3+61).

R

A

Fig. 5.

Fig.

7.
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Analogously deducticrs x+iy fes.23.2.v. cn mod(c+di) recprascat
the intzger points of the corpcsite plane whose coordinates sazisfv

the system of the inequalities

1pt ‘ 1D,
—_——_— —_ _—
3 Tex +—dy < T
i p! 1pl

*—2 i.\cy—dx<—2.
In cther words, p.sS.a«.h.v. cn mcd{cedi) is refriserted oy th- intege
points, arrang2d/located withip the square «Lcse silas are assi;ne!

by the equations

cx+dy=—121 ex gy 12"

y 3 cXxTdy T
| | "

Cy—dx=-—‘—g!.cy—dx=~—";',

and it is also possibly, by the integer points, arranged/locat2? orn

two adjacent sides

—dy = — 2L
cx —dy = 5
—__inl
oy —dx = -5 -
A question about the possilble fpres2nce of integer poin*s =r

these sides requires special examination.

Lat us preliminarily ncte only that the apaxes/vertaxes cf

square of p.s.a.n.v., cn mcd(cedi) have coordipa*as
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AT ) - ),

d—e¢ —d+c ‘¢e+d d—e
Aa(T' ‘T)-A«(T' =)

and let us depict p.Ss.a.n.v., c¢cn the moduli/modules of the given atkcvs:

exanmples (Fig. 3-10).
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a,
q ‘k
A & \ [+
A, a, A,
Pig. 8. Fij. 9.

Pig. 8. P.s.a.n.v. on med 3.

Fig. 9. P.s.a.n.v, on mcd (3+2i).

Page 45.

L2t us coasider, in wkat cases on the sides of square c¢f
P.S.2.n.v,. are integer pcints. Fcr ts.k.,ch. just as for ts.v.ch., can

be introduced the concegt of parity and oddness of numbsrs.

Let be is preset ts.k.ch. c+di. It is obvious that [pi=1 (mci
2) when and only when cg#d (mod 2), and that ipl=0(med2) wh2a and
only when c=d (mod 2). At the same time in the second case i%* i3
possible to distinguish twc subcases:
c=d=0(mod 2) u c=d=1(mod 2).

TS.kech., p=c+di cdd, if 'pi-=1(mod2). halfé-sven, if I2l=0 (mod2)



- _ane
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and c=zdz1 (mod 2), even, if |pl =0(mod2) and cz=iz0 (mod 2).

It is possible to give the fcllowing “wo equivalent

determinations.

1. Ts.k.ch. p=c+di odd, if jpi=1, 3(mod4), nralf-even, i°f
lpl= 2(mod4), even, if pPi= 0(mod4).
k.ch. p=c+di c¢dd, if p=1 (med 1-i), halfi=-2ven, 1Z D

3 ! 1
DR (R A

1~1 ~nd -zu=1 (mod 2), e€ven, if =0 (mod 1-i) and c=4=0 (mod 2).

Joining thase prcperties, it is possible %o conclude that 1f =:a=

pcrm of ts.k.ch. c+di is represented in the fcra lpil=2ir, wheo: -z21

(mod 2), then number c+di odd with x=0, half-evan with a=1, evin wi=h

X>/2l

Hence, in particular, it £cllows that the product cf *twc oud
numbers is odd, the precduct of cdd rumber by half-even is half-av=r,
product of half-eaven rumkters is evern, the product evsn number

tS.KeCh. is evan,

Lat us not2 that relative to addition are valid the Zcllewing

rules:




DocC
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(
oe + qe’moe qe'moe H

e'moe + ecgon qe’moe

oe+y

oe -+ non oe=gy oe;
‘I

eTHoe + no 4eTHoe = oe;
noXlfyyerHoe
@

Heqe'moe-f- Hel{e'moe = {
qeTHno,

(1)« even. (2). half-even. (3). odi.
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DoC =

f

on mod (3+61).

p.s‘n. v.

Fig. 10.

Page 46.
then th2 sidles of tas3

If ts.x.ch., p=c+di - odd,

Theorea 2.2.
cortain not cne integer fpoint.

square of p.sS.a.n.v.

Proof., It suffices tc examine cne of the sides of tha s
P.S.a.n.v. It is not difficult tc see that the s%traigh

thrcugh the apexes/vertexes c¢f square.
=4 c-d) o=d _ ed
(21 2 ’(‘2’ 2)'
has the aquation
cx +d o
y ratl
L=z

than not cne point with the whelz cocrdina

Sinca c2+d2=1 (mod 2),

can satisfy this eaquation.

Theoren 2.3, If p=c+di - half-even and (¢, d)=1, then »on tha
+here dees not exist integer poiats,

sides cf square of p.S.a.le.Ve.




DOC = 81024003 PAGE %1
vith exception of the apexes/vertexes of squars.
Proof. According to condition c2+d2/2=k =~ ts.ch.

L2t us considar eguation cf cne of the sidis of th2 squarcs cf

PeSe.2.N. V.,
cx +—dy =k.
Sinc2 (c, d)=1, th2 equation cx+dy=1 is sclved in the integars. Ls*
(Xogs Yo) - certain integral scluticn of this eguation, %hen (Xxg,
kyg) be the sclution of iritial eguation. In view of mutual
simplicity of rumbers ¢ and d the general solution in the intejers of
homogenecus equation cx+dy=0 will take the ferm
*=dm, y*=—cm,

where m - arbitrary %s.ck.

Therefore the general soluticn of initial =2guation can b2
represented in the fera
Xp=kxyL+dm,
Ym = kYo —cm.

Let us determine the distance between any two solutions

VEa— 2P~ (yYn—y, = |m—r| VIFar

Hence it follows that the minimum distance between two diff=rens

solutions of initial equaticn is equal to Vc?+gq2
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Page 47,

Sinca integer points with the cooriinates

¢e—d evd\ e+d  c—d
( 2 0 2 )’[ z ' T 2

(apex/vertex of square ©of p.s.a.n.v.) satisfy the 2quation ir
question and the distarce Letween them is equal tc }2+-d? *hen
between these two points cn the straight line cx+dy=c2+i2/2 «hara

does not exis*t intzger rcints, which proves theoren,

Theorem 2.4, If tsS.kech. c+di is such, that c+diz0 (mod 1-i) and
(c, 1) =p(pk1), then cn each side ¢f squarz of pD.S.a.h.V. OR

mod (c+di) is p-1, different frcm the apexes/verzaxas, integ=r pcirts.

Proof. Ts.k.ch. c+di, that satisfies condition c+3i=0 (meci 1-i),
relates tc the class c¢f half-even cr evan numtars and <herzfeor: it is
represented in the form

c+di =2 (c;—d,i),
vher2 (c,, 4,)=1, p'=1 (mcd 2). In *.is case A1, if ¢, +d,i - cdd axid
A0, if c,;+d i - half-even. With ))1 the assertion of thecrenm is
corollary 2.1. With A=0 fer elements/cells x+iy of pes.a.n.v. on noil
p'( €1+d,1i) in accordanrce with forrulas (1, 13) we have

2 b imy =2 12 k(e + dy )+ ky(—dy 1),

vhere
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(0) 1 -1 -
X, == —
V= eleldir iy, —din)

(1ol =e2+4dy),

(L} 1

= @rtdileliariy, )

i.e. deductions on the cormpositesccropound modulus/mecdula o' ( C;+31,1)

are obtained by additicn to each deduction on and (cy+¢d,i) of tha

composite deducrions of r.s.a.Re.ve.e cn mod p', rspresented ¢«o scal

the inta2gral coordinate system with the orthogonal base

fcy¢d,i, -d,+c,i}. Consequently, since peS.a.0.v. OL mM3¢ (c,+3 1)

connected in their conposition cne cf the apexes/vertexss of th:i

3

C

7]

square (in view of half-evenness ¢f numocr cy+d,i), then in squars <cf

PeS.da.01.V. On mod p*( cy+d;i) is placed (p')?2 s.juares o0f D.S.aeN.V,

on mod (cq+d i).

Page 48.

Therefore on the sides c¢f square cf p.s.a.n.v, on mod p'{ c,+d,;1)

besides arpexes/vartexes it will be plac2d p'-1 integer poin*ts.

As an example on Eigures 11 and 12 are depicted the squares

p.S.a.n.v. on aod (9+3i) and mcd (18+6i).

Pinishing analysis of p.s.a.r.v., let us note, in the first

place, that the elements/cells a+fi p.s.a.n.ve. on mod p satisfy

>f
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evaluation 143} < 151 (corollary of formulas (1.7), and, in

seccnd place, p.s.a.n.v. in the best way sa+isfy the principle c¢é

tight packing of deducticns ip the sensz that partial quotiar=s
my,+mpi, obtainad as a result of dividing arbitrary ts.k.ch. a+bi
modulus /modula c+di, satisfy in this case the evaluation

a+bt 2 _ 1
;:_——a""(mx +im))} < 5.

into

Firally, 12t us poirt cut to *he possibility orf usz cf ts.v.ch.

as the elements/cells of fe.s.Vve cr the compositz modulus/mecdule,.

Theorsm 2.5 (theorem of Gauss). If p=c+di(c, d+#0), morecver
d)=1, then <:,=I+]y5, 1ir ctter wcrds, p.s.v. on the comrposi=

modulus/module p=c+di can Lte defined as p.s.v. accordiny to r=3l

modulus/module |lpil, in this case has vlace isomorphisam of the modular

operations above the deducticns cr rocd p and modipl. if
<zlp=|i|-llv

then

<w|,=|w|
<z+wlp= l_z""“gl [FAN

<zw|,=|2w0] ;.
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Pig. 11. Image >f integer points cn the sides of sguar2 of p.S.31.n.V.

on mod (9+3i).

Page 49.

Proof., Since (¢, d)=1, there exist such ts.v.che. A, p *hat

Aceud=1,

Therefore i=iAc+ud)=(id—uc)+(c+id) (u+ir). Consequently, any *s.<.Ci.
z=a+bi is unambiguously represerted in the form
2—=a+b(d—uc)+pbu—ibdr). Let us designate ts.v.che Ad-uc threough p. Let
it be further

@tbo=|a+tbp| i, +k(a,b)pi.
Since lpll=p.p, then
z2=|a+b| ;p +(k(a, d) (c—id)—b(s—il))p.

Since any ts.k.ch., 2z in 2 single pmanner is rerrazsented by %ha

disirtegration of this fcrm, ¢then

‘\""2"‘ip,l
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moreover
Let us no*tes that if b=0, +hen

Let us switch ovar to the procf cf isomorphisw.

Fig. 12. Image 5f integer poirts cn the sides of

on mod (18+6i).

square of p.s.2.n.v,
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Page 50.

We have

<(8,+ ib,) + (a+ b)) | , =<K a,+ 1b, [ o+ < azriby |, | p=
= | a; +pb, | to1 + | as+ pby | 121 ';= la, +pby | ipl T
T | a3+ by | 120 L api = | (01+Pbx)+(az+9bz)] 190
It is analogous

<{ay +ib,) (¢x+1bz)),=<<¢x+ibxfp'<¢z+lbzfp’p=~
=<lay+pb | 15 [@2+pby ! ypy [ p=)ay+
Fobil gour [ az+pby | 4p1 | 1s1 = [(a,+
+Pb1)'(42+91’2” 121-

Value p, obvicusly, is the functicn of mcdulus/module p=c+ii

therefore we will write: p=p{f).

Are valid the fcllcwing preperties. ) Property 1. p(@)=p(i*p),
i.e. value p is invariant to all rcduli/modules, associated witn ¢th=

data by modulus/module,

Prcpecty 2. p(;) ==-p(p}, i1.0., value Oof p on ths
conjugatad/combined medulusy/mcdule is cqual ¢ the valua ¢f 4nis

modulus/module, undertaken with the opposita sigygn.
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where (Mg, ug)
Let us consider modulus/module ip=-1+ci.
which has

pocC =
Proof. p(p) =xgd-ugcC, - the solution 0f ¢he

Diafantev equation Acepud=1.
fora -ad+uc=1,

Corresponding Diafantov equatior accepts the

the sclution
Ay = —upy, b=,

Consequently,
pip)=Xic+p1d=—poc+rod =p(p).

The Diafantov ejuation fer the ccriugated/comtined modulus/moduls=
E=c-di has a fcrm Ac-ud=1 and a sclution :=x°, :;-po. Consequently,
p(P)=—"d —pc=—Xd +poc =—p(p).

Property 3. p(p) - is the soluticn of compariscn of c+éx=

0 tmod) ypu).
Proof. The validity cf this frcperty is establishal ty siapls
testing. In fact, let x=p(p)=xd-uc, then

e+d(Ad —pe)=c+rd:—cdp=c+rd*—c+
+etr=1(c"+d*)=0 (mod || P ).
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Page 51,
Table of modular additicns cn mcd (4+i).,

+ 0 1 2 -l = 1= (2—i —1—2 =2 21 1% =2+ —1+i & 141 =2 -1

0 0 1 2 el =i 1 2 —1—2 20 2% 142 =2l —=14i i l4f =2 =1

1 1 2 —l— =i 1=i 2= —1—2 -2 2 1432 =2+i —1+i { 14i -2 -1 0

2 2 =1 =i 1l 2= —=]—2 =2 2% 142 —2+i —14+i { 141 =2 ~1 O 1
-1t |=1— = 1= 23—t =12 —2 2 142 =28 -li 1+i =2 =1 0 1 2

-t - 1= 2 --1—3 —2 2% 142 <24+i =14l I 14+ =2 —1 0 1 2 =l
1~ [ 1=t 2— —3}-2 -u U 142U =240 —1+i i 1+i =2 =1 0 1 2 =l —i
2 | 2~ 120 —~2 2 142 —244 —14+i i lsi =2 —~1 O 1 2 —l—i =i 1=
-—1—2 12 —2i 2 +2 =24 141 4 148 =2 —1 0 1 2 —l—i i 1—i 2~
-3 | -2 2 14U —2+i =1+i I 14+4i ~—~2 =1 O 1 2 ~l—i =i 1= 2= 1=

-] 2 142 —2+i -1+t & 1+i =2 ~1 O 1 2 ol i 1l 2= —1==2 =2
142 | 142 =240 —1+1 & 14+ =2 =1 0 1 2 —lei =i lei 2= —1-2 —2 2
-2l |2pi —1 44 =2 =1 0 1 2 =l =i lei 2= —=1—=2 =2 2 1+2
—l4i =1+t & 144 =2 =1 0 1 2 —l—i =i 1= 2= —1—2 =2 2 142 =21

[} i 1+ -2 =1 0 1 2 el —i 1—i  2e—i —1—2i —2i 2 142 —2+i —1+1
14+ {141 —~2 =1 0 1 2 —=l—i =l 1—i 2= —1-2 =2 2 1+2% =240 —1+i i
-2 | =2 =1 0 1 2 =l =i 1l 2 —1—21 =2 2 142 —2+i —1+i i 1+t
-1 -1 0 2 —=lei =i lei 2=—i —1-=2i =2 2 142 2D =14 i 1+i -2
Page 52.
The practical value cf thecrem 2.5 lias in the fact tha*% 5t with

sufficiently wide limitaticns on the moduli/mcdules

establishes/installs the structural adequacy of the
operations on the composite and real modali/mcdules,

appears the possibility,

in the first place,

circuit realization

tatl s ¢

thanks

po)

o€

mcduiarc

which
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one and the same table to use beth with the werx with thse r=al an?
composite moduli/modules, seccndly the prcpertias of symmetry,
inherent in p.s.v. or the composite moduli/modulaes, to 2xtend or

PeSev. cn the r2al mecduli/mcdules.

Lat us give an illustrative example. Lat p=4+i j4+il=17. ti:r- c=.,
d=1. The solution of the =squaticn

4}‘~j-:.;=1

can be selected thus:

In that case
p=rtd—pe =1.1—(—3).4=13.
AS pes.v. or mod (4+¢i) let us select p.s.a.n.v., while as p.s.v. cr
20d 17 - p.s.n.v, Yhen the correctly isomcrphic relation
ST -~ ~133),,

vhich is described by *he follcwirg *able;

1157 042 3 |4
:

12 16

o |l o

<10

1
R

Isomorphism is clearly illustrated by the <ables of mciulars

additions.

Table of modular additicns on mcdi17.
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+~+ 01 2 3 4 5 6 7 8 9 10 11 12 13 14 156 186

0 0 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 123 4 5 6 7 8 910 11 12 13 14 15 16 O
2 234 5 6 7 8 910 11 12 13 14 15 18 0 1
3 345 6 7 8 9 10 11 12 13 14 15 16 0 1 2
4 456 7 8 9 1011 12 13 14 15 16 0 1 2 3
5 5 A7 R 9 10 11 12 13 14 15 16 0 1 2 3 4
6 6 78 9 10 11 12 13 14 15 16 0 1 2 3 4 5
T T 89 10 11 12 13 11 15 ;6 0 1 2 3 4 5 A
8 8910 11 12 13 14 156 16 0 1 2 3 4 5 6 7
9 91011 12 13 14 15 16 0 1 2 3 4 5 6 T 8
10 101112 13 14 15 16 0 1 2 3 4 5 6 7 8 9
11 111213 14 15 16 0 1 2 3 4 5 6 7 8 9 10
12 121314 15 16 0 1 2 3 4 5 6 7 8 9 10 11
13 131415 16 0 1 2 3 4 5 6 7 8 9 10 11 12
14 141516 0 1 2 3 4 5 6 7 8 9 10 11 12 13
15 1516 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
16 16 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Page S3.

In conclusion let us note that in Zontrast to real numbp=rs
complex numbers thare are p.s.v. ccnsisting of an sgual guarn+tisy

noniscamorphic between thetselves deductions.
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N

y N

N
< V;

d

Fig. 13. Squaras ©f p.f.a.n.ve.: (=) = on mod S; (=e-) -~ on mod 3+si;

Pags 5S4,

Example. Lat us consider p.s.v. on the mcdiuli/modules 3I+¢ii,
3-4i, 5. A quarntity of elements,cells of r.sS.v. on =ach of “hesa

moduli/modules is 2qual tc¢ 25 (Fic. 13).
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<'|;p“ <"a_-u <|s—
—381 ~3i -2—2
—~1~2t —~1—2i —1—2i
—3i -2i ~21
1421 1+2i 1~2i
—2— —2~—i 2~2i
—1—i —1—i -2
—i —i —1—i
1—i 1—¢ i
2—i 2—i 1—i
-3 -3 2—i
-2 -2 —2
-1 -1 -1
0 ) 0
1 1 1
2 2 2
3 3 —2i
~2+i -2 -1
~1+i —1+i +i
i i 1+i
148 14i 24§
2+4i 2+ —~2424
——14-2i —1+42i —~142f
2 2i 2
1-+28 1+2i 1+2
3 8i 2+2
~2+2@<-|5, 2—ig<. ls
and tharefore
~242#2—~ i(mod 8).
But
=24 2 (2 i) = 4 B e i 4-40),
therefore

—~24+2Um2—i(mod 3 +4l)

and, conversely,

Ue< I ~BE< | o
i.e.

N w—2 (mod 3+ &),

but
8 = — 2 (mod 8).
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Thus, ther2 are deductions of peS.v. On mod (3+4i), congruant
betwveen themselves in mcdS, apnd ip rodS, congruent between themselves
on mod(3+4i). On the other hand, f.S.2.n.v. in mod(3+4i) and
mod (3~4i) simply coincide, and, at the same tim2, ba2tween thes2

PeS.Vv. there does not exist isomcrphism.

Actually/ra2ally,
<=2=0)+A—1) | sea =2,

on the othar hand,

(=2—=) 4+ (~1—=1) | g =141

§3. Other methods of the assigngent of the full/total/complete

systens of deductiorns.

The develcpment of the machipe algorithms of complex numbars

requires the refinements cf the ccncept about the range.

The method of coding ts.kech., and the algorithm of the
arithmetic operations on ts.k.ch. depicted as the pressat cod=2, is

called numeration systemn.

Range - this the final (Ltut therefore discrets/digital) sa+ cZ

coaplex numbers, with which uses the computer.
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Page SS.

In view of discreteness any range can be dapicted as the set of
ts.k.ch. The method of the assignsert of range depends substantially
on the method of the coding of ts.k.che . . . It is more exact, ths
fora cf coding of ts.k.ch. accerted det2rminas that set of *#ha

nuabers, with which in the fipal aralysis uses the computer.
Of the method cof coding is required

a) one~-to-one image of integral gquantities by the presat

code:;

b) the realizability of all arithmetic oferations in the

language cf this code;

c) the presence of the sigr/criterion by which it would bhe
possible to judge about the output/yield for the range of the resule

of arithmetic operation,

Prem the pcint cf view of sisplicity tha graatest interast is
represented by the methcds of the assignament ¢f range of p.s.v. with

respect tc ths composite/compcund sodulus/aodule.
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In cornection with this let us nota three most impcrtart metheds
of assignment of p.s.v. with respect to cecmposite/compound

modulus/module.

Theoremw 3.1. The set of ts.k.ch. Oof the form
E°+E1P+Ezpz+..-+eg_[p.-l' (3'1)
vhere E.(0<k<n—1) pass values of p.s.v. <-[, it forms p.s.v.

<+ | pm.

Proof. In view of theorem 2.3.1 it suffices to show that ary

ts.k.ch. z in a single manpner is rerresented in the form
2={+g-p"
wher2 § ~ ts.ke.ch. form (3.1).
For this purpose we vwill use the following algorithm.
Let us present number z in the form z=£,;+q, p, where £,8 <- |,
Here & and g, are detersined unasbiguously, since <-|, - p.s.v. on

sod p.

Q; ve relativaly act analcgously, We have ,=£,+q,p, vhera &,,

q2 is nevly determined urambigucusly, since §,€6<: |,

Page 56,

T e e
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AsS a result we will have a chain/network of the equalities

a=b+qp Le<. |,
qlael+qtp' Ete<'lpo
=8, +4q,p, Le< |,

.........

q.." -E.-l+QIp’ el—le <' | »
vhence arbitrary ts.k.ch, in a sirgle manner is represented in %hs=
forn
z2=5+4p+ 6P +... 4k Pt 4 ¢ P
Theoren 3.2. The set of ts.k.ch. of the fora
bt+bpt+ap P tipiPaPat. .. 8P P2 Pas
whers §,(1<k<n) respectively passes p.s.v. <‘'[|p» it fcrms p.s.v. on

modulus/module P(P=p\p2 ... Pa)-

Proof is analogous. Ir this case we will have a chain/network of

the equalities
z=4L+qp, Le<

G=h+qp, Le<.|,,

...........

tn=1= St ga Py R,
vhence
z=4L+4p+ . PP Pao1 QDL P2 Pae
Theoran 3.3, Let PuPn ..., Py = ts.k.ch. pair-wise mutually

simple, then the set of ts.k.ch. of the fora
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n
gl’k my Py, 3.3)
vhere 1 (1<k<n) Ppass values of pes.v. <-/, raspectively;
Py=p Ps... Pr—1Pre1...p, 208 <P;llp,=m, - daductions on mcdulus/modul-
Pr» such, which

Cmy<Py) gy | 5, =1

forns 0f p.s.v. on compcsite/compourd modulus,/modulz P=pp; ... Pu

Procof will consist of twc stages: first, which any ts.x.ch. is
congruent in mod by P with one c¢f the nuambers of form (3.3), in the

secend place, that numbers of fcrm (3.3) are incomparable betwe2n

themselves on mod P.

Let z - arbitrary *s.k.ch. ard

z=2z(mod ps), 2, € 7+ | ,, 1< k<n. (3.9)
Page 57.

W#e form the nuaber
n

'.=§lz,< Pymy | 5, P,

Since ts.k.ch. m,P, are such, that

1]
0, gcml j =k,

<MPy|,p = 1 J=k

(3.5)

Key: (1). if.
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then

=2,(modp,) 1<k<n.
By forze (3.4)

2 =1(mod p,) < k<.
But, according to property (2.1.4), it follows that

z =" (mod P).
Let us further consider two artitrary different combinations of th:2
deductions
(21, 235..., 7,) 73,€<- | 'R
1< k<n,

(31’ .31"--' .an) -3he<' ID.

moreovsr, at laast, at one value #: 3, =3, Corrssponding to ther

ts.k.ch. of form (3.3) are such:

[
"= Z’h <PU [ 5y Py
k=i

N
=33, <P, P,

‘-[

Let us shov that C.*Sz (mod P). Let us assume reverse that §,={, (mod
P), than according to prcrerty (2.1.5)
G=%(modpy), 1<k<n.
hence by force (3.5) wvwe have
n=3(modp), 1<k<n,
hovever, since 1, 3,e<:|,, that
2, =3, A<kgn),

vhich contradicts assuagtion.




DOC = 81024004 PAGEF }00

Page 58.

The theorems of the thecry cf numbsrs indicated include thrae
most importan% methods ¢f the cecding of ts.k.ch. The first ¢theorenm
leads to the pcsitional numeration system with the composite
basis/base, tha second -~ to the pcsitional numeration system with thea
mixed radices (to the sc-called, pclyadic code), to the nonpositicnal
numeration systam in the residual classes. All these numera%ticn
systems will be traced telow. Let us note only some special
features/peculiarities in the gecmetric image of p.s.v. determin=4 by
these theorems. These sgecial features/peculiarities are cornect=d
with the fact that the nureraticr systems of complex numbers cacry

planar character.

Lat p=c+di - ts.k.ch. It is possible to give the following

geosetric interpretaticn cf the prcduct of 4wc ts.k.ch.

Ts correct the idertity
(a+b) (c+dt)y=a(c+adt)+b(—d +ci).
Hence it follows that prcduct of twe ts.k.ch. (atbi) and (cedi) is
represented as integer pcint with the coordinates (a, b) to scale o°¢

the integral system of cocrdinates ¢f orthogonal base {c+di, -d+ci}.
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Let us introduce designaticn P'=ip=-d+ci, Then positioral

recordirg of ts.k.ch. 2z

z=b +&p+5PP+. .. F b P+,
vhere {,=x,{iy,6<.|, can lte repraserted in the Zora

=2 +1Yo + (21 P+ 11 P) + (22 P* + y2 (%)) +
+ .o 4 (Za1 PP+ yar (PYY).
vhere each component/termsaddend
Yt =z, 0 +y, (0%

as representative point with cocrdinates (=, y,) to scale of intagral

system cf coordipates cf crthcgcnal base {p*, (p*).
Page 59,

Thus, the vector sense of digit §,=(x, y,) of the k digit cf positicral
recording of ts.k.ch, lies in the fact that numbers x,, ¥y, are <h-=
coordinates of vector in tase {p* (p*)}, 2nd number itself z
2= (%o Yo; X1, Y13 X20 Y25+ .3 Xacts Ya=1)

is the sum of the vectors of the given ones by its coordinates
(xos Yo), (X1, 1), (X2, Y2), ..., (Xn—1 Ya—1) respectively in the systems of
coordinates

1 0, (5, P) (2 ) ...., (P>, (P*-1)).

Example 1. Let us consider mcdulus/moedule (basis/base of tha
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positional recording of a numter) p=142i, As tha digits of thse
positional code let us select fF.S.a.n.v. on mcd (1+2i)
< lieag={0, 1,8 —~1, —¢).
The image cf the nuster
1+(=da+2)+(—D A+2P =142+ (=Dp)+((—~1)p* +
+ 0-(p%)) = 6 —6i

is shown in figure 14.

The diversity of the ccnfigurations of ranges, generated by the
positional ccds of complex numbers, is illustrated by the followirg

exanmples,

Example 2. Pigure 15 and 16 depicts p.s.v. on mod (1+2%)2 and
mod (1+2i)3, rapresented ty the respectively rositional code
fo+ 601+ 20,

fo+6 (1420461 +20,

'h‘ra ele <' Ir+u 0-01 l' 3’.




DOC = 81024004 PAGE 103

1:8-50

Fig. 14, Fig. 15,

Fig. 14. Represantation cf nunmber Z=1+(0ept(~1) pl+(i-1) p2+Qe(p2) 1)

=6~-51i,

Fig. 15. P.s.v. on mod(1+zi) 2,

Paga 60.

Example 3. On figures 17 aed 18 ars depictad p.s.v. cn

mod {(1+21) 2 and mod (1+2i) 3, raepresentad by the positional of tha ccédrs

fa+ 1421, T+ @ +20) = Cy (1 + 28,

vhere we<-!|i-a

Example 4. On figures 19 ard 20 are depicted P. SeV., ON
mod (1+214) 2 2and mnd (142)3 memmajented ho the mAetttanal mn~de

el -20), -, = 20) = (1 + 2P,

where e -
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)

§ Fig. 16. P.s.v. on mod (1+2Zi) 73,

Pig. 17. P.s.v. on mod (1+2i)2,

Pig. 18. P.s.v. on mcd(1+21i)3,




DOC = 81024004 PAGE }05

Page 61.

pig. 19. Fig. 20.

Pig. 19. P.s.v. on mod (1+2i)2,

Pig. 20. P.s.v., on mod(1+2i)3.

Page 62,

Ralative to the mixed codes cf p.s.v. on the composit2/cecmpound
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modulus/module let us note that the described principle of imags of

PsS.v. completely is retainsd (Fig. 21).

The special feature/peculiarity of th2 mix3d codes in contrast
to the appropriatae codes for real numbers is th2 fact that h=sra,
generally speaking it is troken the requirament of invarianca. The

essence of this requirerent ccnsists of tha2 fcllowinge.

If fer real numbers is satisfied the condi“ion: p.s.v. cn
mod P (P==p;P3,...s Pa)s
deterained by the mixed pesiticnal of the codes
X +xp+ %P P2t ...+ X Pre.. Pamty

vhera %: passSes pP.S.ReleV. OF pP.S.a.L.V., it remains invariant
relative to sequence cf wscduli/gcdules Pu Py ..., Py, the for ccmplex
nunbers this requirement in general proves to be incomplete. This
fact is illustrated by figures 21 and 22, whare they are depict=ad
P.S.V. On composite/compcund sodulus/modula (1+2i) (1+¢3i). In this
case figura 21 depicts p.s.v. determined by the code &, +E,( 1+3i),

vhere
El.e <e ' ;.uo
He <. | ;-+tl’
and figure 22 dapicsts p.s.v. determined by the code &,+E,( 1+2i),
vhere
“e< | Fm

E,e < l l—+ll‘
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Figc 21. Pigo 22.

Page 63,

The absenca ¢f invariance subs*tantially complicates rounrding in

the nonpositional arithmetic ¢f ccrrlex numbers.

In chapter 5 will te examined cne version of the invarian+
positional code for a ccmglex numbter. In connecticn with ¢he
construction ¢f suck codes it 4is expediant to comsider, in what
relatiorship/ratio is lccated *ke full/total/complete systen of
absolutely smallest composite deductions through |ipj and p.s.
determined by mixed positicnal ccde £&+4yp, whera te<.|,, 1e<" |;-‘
Theorem 3.4, Lat P=c+di(c, d+%0) (Ipil>2). Any %s.k.ch. 1< 17,
decomposed/expanded on rtases/tases p, 3 into the mixed positiona

code of the form ‘
g=E+wpteypy,

mixed

Ve

is

1



e
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where
- - 0
(€< 13, ne<- |3, acu-h
Proof. let us compare p.s.ve determined Ly the code

t+ap (Fe<. ], ne<- |3

vith p.s.a.n.v. <¢|7,- Fcr this purposa l2t us show that the sjuarc

of p.s.a.n.v, in mod p, examined/ccnsidered tc¢ scale of the integral

system of coordinates of base (pr, '), coincides with the squar:z cf

PeSedeNeV, <°|T,p The agexes/vertexes Of the square in questizn in

the system {p, D'} have the follouing coordinates:

(5 5 9 . -,
(5 =59

Page 64,

In the racalculation upen the integral grid of base (1, i}

points take the form

e+ Fr=Llla+y,

—d d .
—Fr+ 5=l (14,
c+d c—d

c_:d _¢~d i p?
g P F=—g -0

But latter/last points are the apexes/vartexes of square of
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Pes.a.n.v. <:|y,,. FPurther by the cut square <:,,, by the grii ecf
the squares, congruent *c square <:|,, lat ue show *that the

apexes/vertexes of square <. belong o this network.

| LI 1 0

Actually/really, the family of the crthogonal straight lines of
network is determined by the gquaticns
c=+dy=%!lpn.

—dxtey=—31p].

Latter/last system with

A=c+d,p=c—d,)=d—c,n=c-+d;
A= —c¢—d,p=d—¢, h=c—d, p=—c—d,

has respectively solutions

(111 111)’(__npn upu)'(__npu upu)'

2 ' 2 2 °* 2 2 3

(452 ~ 121,

However, sat of ts.k.ch. ccvered/coated with the squares »¢ *h¢
network in question whose centers are elements/cells of p.S.a.1.Vv. On
mod 3, preset in scale cf the integral system of coordinates of base
{ps P'}, is formed p.s.v. descrited by the code

it (f6 <. |5, ne< |7

Since ir tnis case the apexes/vertexes of square <‘ﬁ,.belonq to
netvork, then output/yield for squace <, of nuabars of fcram i+np
is feasible only in the directicn cf the axes of the coordinatas cof

base {p, p'}. The distance of these points frcm the sides of square
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<'l5, cannot exceel value %3|p|.
Page 65.

Siace imequality “21ip 1 1p1<2ipl 4is fulfilled for all *s.k.ch.

that satisfy condition pii>2. then the difference betueen numhe:cs

:+np, left beyond the limits cf square <7,

and their ccmposit=
least positive residues 7z in modipll it is Jdetermined Lty equali+y

zZ—(3+np)=+¢lipll, whare ief=1.

Por all nuabers of sears [+np, of those rot emsrging brycnd

liaits <<[7,,. is obviouse=0. Thecram is illustrated by exanmclass,

Bxasple. p=1+2i,
Tl Vyepgy =000 1,2, —1, =2, 4, 26, —i, —2,1 -4, 2~

~i 1~ 2+2% 1+ -2+, =12, —2-2, =1~
-1—2, —2~i —2~2i,1—i, 2—i. 1—2,2-2;
a) tsS.k.ch. = =-2%2ie<-|71.2g and its disintegration 1nto *ne
mixed positional code take the form
W

—2+2=i-i(1-2)+081 ¢ . =0

Key: (V). 1.0,

b) ts.k.ch, 1-24€<-l7i.u:> 34¢s disintagration is such:

1—?4-‘+1'(l+2l)+(-‘i)(5)°l, 1e we =i =1;

Key: (1). and.
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€) tS.k.ch. ~2-1e<-17;.3;. its disintesgration takes the fornm

=2-4=1¢ (=1) (1¢28) <+ (=1) (5); therefore ':i=1

§4. Some special features/peculiarities of the full/total/ccarlatz

syster of deductions.

¥odular numbers., During the generalizaticn of numeraticn systsnm
to the composita bases/Lases appears one special feature/peculiari<y,
which depending on selection cf fF.s.v. “an have an essential effact
on the crganization of the prccesses of transfar with the exacution
of the arithmetic operaticns abcve numbers, givan by ths posi<iornal

code.

Lat us consider the elucidating exaample. Lat i% be preset
basis/base p=2+i and as [.S.VvY. chcsen p.s.n.v.
< lp=10,i1~ T T
It is not 1ifficult tc check *he validity of the represantaticrs
—l=(=1)2~-D~-(1-i), 1—-ig -- (I
—l—i=(=1=) 2+ +2% @e<-|;)

Page 66.

Hence it follows that nusbers -1 and (-1-i) can be depicted as “h=
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positiornal code of how ccrveniently lazge length n, since with
arbhitrary n, since with arbitrary n are valid the equalities
—1l=A+D+A+Dp+A+D P +... +A+DP" +(=D ",
—~1—i =24 2Up+ AP ... + 2P+ (=1 —i)p

Further, since a prcduct cf two daducticns iei=-1, and rumber -1
is represented a3s the positiopal ccde of tha arbitrary length n with
basis/base p=2+i, then this complicates th2 process of transfer wist
the exacution of multiplicaticn. As can easily be seen from th: jivar
tables, the process of additicn in the case ip juesticn does no=

suffer the deficiancy/lack indicated.

Table of summation on mod (2+1).

+ l 0 P+ii21 F+m
I

0 i1+ |2 I1+2i

0
i i 2i 1+2i1+i | O
1—-i 3 1+il1+-21] ¢ 0 2

i
1+i

2i {2 14+l 0 |1+2
1--2i 1+28] 0 | 2i i

Table of transfers with the sumeraticn over mod(2+i).

r ‘ 0‘ i 'l+il 2i "1+2i

olojo oo} o
i lofo | o] ¢ |1+
1+ilolo |1 |1xi| g
2 | 0] |1+t i ] 1=
1-2td 0 li4i | 1 114i) 14

Observation. Since -1=1¢(-1) 2, than analcgous situaticn apraars

in the binary arithmetic of real nunmbers, if we tha sign c¢f a rumbe:
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do not select by the indefendent sign multipliesr.

In connection with those presented it is of interest to considar
the questior: in what cases there ara numbars x+iy, which satisfy “he
condition

THly= (2 ig)p-rat+if, v t+1fe < |, (4.1)
This nuaber, if they exj . we vill call by modular on mci o,

Equality (u4.1) is saquivalset tc sys*tem of equations
X =xc—dy+ 1,

Yy=cy+dx—+3,
Sclving this system, we find

x=t(—1(e—1—3),

y=—(—%(c—1+1d),
vhere

d=—=(c—1P+4d2 4.2)
Page 67,
On the other hand, ve note that

—e=d _ —a(e—1)—d . —s(c—1)+ud
(=D ~di a t 3 .

Hence we consist,

Theoraa 4.1, Modular numbers c¢n mod p axist when and only when

P.s.v. (mod p) are included deducticns a+pi such, that

2= =0 (mod p—1),
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Thus, the presence of modular numbters deperds substantially cn the
selection of p.s.v. on mcd p. Trace in this plan/layout <the
full/total/complete systems of the smallest and least positive

residues.

For simplicity of reasonings we will be converted *o the

geometric illustrations (Fig. 23-1216).

Case 1, FOC peSeN.Vv. On mcd(c+di), whare c>0, there is a% le=as=

one modular number, This follcws frcm the fac+t that with c>0 always

(ce—1+die< -} *

lesdis
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h

()-8 ‘

teds [
Y

Piq. 2«3. Pig. 2“.
Pig. 23. cp2, 4>0.

Pig. 24. c¢»2, d=0.

Pig. 2S.

Pig. 25. c+di.

Pig. 26. c=1, dy0.

Page 68.

Lat us nota that for p.s.n.v.'<.|;={ml i,1+;)} are twc modular

nusbers: by -1 and -i, since
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—l=(—D2+1, (e<-|)),

and for pe.s.v. {0, 1} on mod (1~i) is one modular number: -i, sirncz

-i=(-1) (1-1) +1 Qe | ).

Case 2. FOor p.S.n.v. on mod{c+di), whare c<0, modular rnump=Ts

there does not exist.

Actually/rsally, let a+fi=1{(-c'~1) +di), wharz a+pi e<'-I; ard
==-c? (¢*">0), then
B2+l > i (—c =) +dil=("+12+d*>pl,

which leads to the contradiction,
Por pe.s.v. {0, 1} cn mod (-1+i) modular numbers.
Case of 3., For p.s.n,v. cn acd (c+di) modular numbers ther= donas

not exist. Actually/really, let a+fi=q((c-1)+di), where a+Biec. o

then

P> (=Pt @ =T (g g,

/

Consequently, for all those cases when
24+ dt :
—p-—2+1>0, (4.3)
initial assumption proves to be iraccurate, since otherwise wa conz

to the inaccurate conclusiorn
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patdg > LBl

The moduli/modulss, not included by ineguality (4.3), are such: 2+-i
3, 3+-i. By dira2ct testing we are ccnvinced, that for p.5.a.n.v. cn

these mcduli/modules there does nc% exist modular numbers.

Propertiss cf the symmetry cf p.s.a.n.v. One of advantajes o

tth

P.S.a.n.v, on any modulus/module is the absenc2 of modular nimbars.
Purthermore, p.s.a.n.v. pcssess the series/row of other advarntajss
before cther types of p.s.v. in view of their properties svmwatries.

These properties are exrressed ty fcrmulas.

Page 69.

Theorem 4.2, If ts.k.ch. p=c+di odd, then

1. <i(a+bt)|;=i~<a+bi | =

p’

2 <atb|,=<aeTbil|3

i

3 <atb|;=<a+bil;.

Here':tgz and a+bi indicate
6 +bi=a—bl; a+bl = —a+bt.
Prcof. In viaw of the basic formula of deductions (3.1.5) we
have

{<atbi == Tl0e=adiy tijacaa) | ),
» i p
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and
<i(a+bt);==“—bc+ad‘ ||pl!.+ilac+bdl—p')p'
ipt
but whan |pl=1(mod2)
| ~be+ad |7, =— |be—ad |, .

therefore <ila+b)| =i<a-bi| .

Furcther, since

_ (lac-bd | 7,y —i|be—ad | T, ) (c—di)

<a+bl]|,=
tpi
and
<a-btj;=(|“""w|7;',u+il—bc;ad|-.-”) (c—di)
!!pVI M
that

TaTH,=<aF 0|

Finally, since _z,=--§', thern

<atbi|,=—<aTbhi|,=—Ja=bi|, =

=<—-(a+bi)|;= <a+bi| .
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Page 70.

Observation 1. Por ts.k.ch.,, the ganeratrices p.s.a.n.v. 21 the

rsal modulus/ssiuls p, the enumerated properties take the form

i‘(a+bil;=/—b—.‘-at!,, .
<a+biT,= lai-bi|,,

lab |, =<a+bi,

Observation 2. In viev of theorea 2.2.2, property in their

arithmetic sense they can be spread to arbitrary p.s.v. over mod p,
(4p = 1(mod 2)).

Example (Fi3y. 27 and 28). m0d(3t6i). Let us write out the group
of deductions p.s.a.n.v. ¢cn mod (3+6i), arranged/located in the first
quadrant,

1, 2, 3, 144, 240, 3+i, 4-+i, 1420, 242i, 342i, 144/,
By the force of tha first property all remmining nonzero deductions
can be obtained by the additional asultiplication of this group of

deductions to the consecutive degrees of the imaginary unit

i 26, 3i, —1+i, —~1-F2€, —14+3i, —L44i, —24i, —24-2, —2434, —4+i;
-1, =2, =3, —1l=i, =2, =3—i, —4—i, =1=2i, —2-2i, =3-2i,
—1—4i;

—iy =20, —34, 1 —i, 1=2i, 1 =~3i, 1 —4i, 2—i, 2~21, 231, 4—1.
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The second and third properties are illustrated by the following

exanplss:

3w IR T ST AT N SO

—1+4ie<

—1-=dig <

‘36 —1+4ie< | g
3 e 1+4R<- [ 3 ¢
—

B an g P S L)

S = . TR PCIRRC
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Fig. 27. mod (3+6i). Pig. 28.

Page 71,

Por ts.k.ch. p=ctdi such, that pl=0(mod2) (i.e. for the
senisven and tha the even ¢s.k.ch.) the property of the syametry of
deductions p.s.a.n.v. is broken in connaction with the presanca on
the sides of the squares p.s.a.n.v. of the intagar points, from which
in p.s.a.n.v, are included only the points, arranged/located on any

tvo adjacent sides of square.

§ S. Analysis 3f the tables of modular operations.

The tables of sodular operations compose the basis of any
numeration systam. Under the table of modular operation is understdod
the two-input table, salient on two input operands (deductions) tha

rssult of modular operation (addition, multiplication on the proset
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modulus/module).

As an exaaple are given the tables of modular addition and
multiplication on aod( 3+¢+2i), vhere the operands (deductions) are

preset in the class of p.s.n. v,
The analysis of this type gf tables inplias:

1) tho detarmination of the character of overflow with the

axecution of modular operation:

2) the devalopment/detection of the properties of the symmetry
of the tables of modular coperations. There is greataest interest for
the machine arithmatic in the determination of the character of

overflowv with the addition.

Overflow with the additicn of the 2lements/cells of p.s.n.v. Wa

will use the idantity, valid on. many elaasents,c2lls of p.s.v. If
24+HEL- |, (P=c+adi), then

24+ 3 = ((2c + 3d) + 1 Ge —2d)) =2 . Xt

Tpi
:1=11+3l[ :z=1z+,3gie<° l:' then

ara={(e+5d)+@c+%Hd)+i(Gc—sd)+
+(he—nd))
Since for p.s.n.v. it is carried out

0<zlc+3ld<f!PO'.0<12c4-32d\/ P' y
0<31C_71d<:!p1100~§ ?:C_'zgd \ ..P .
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then

(%c-f-?;d)-'.—(130—7-.3zd)=(11-"-12)C+(?1"‘32)d=

=iyt e-GrRd] T, Fnipt,

vhere

v = (a+3)e +(3; + "'s)dr' = 0
‘_[ il 1

(sysbol (x]* i3sijnated vhole syllable x, equal to the greatest

integer, which 1oes not exceed x).
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vable of modular summation over mod(3¢2i).

+ 0 —1+3i} 3 1+3i | 2+3i i 1+ 4 14-4i !—14-21 ‘ 2 ‘ 142 2+2
0 | 0 !—-1-&-31 3i 1+3i | 2431 i 1+ 4i 1-4i '—-1+2i 2 1+2i 2-2
—1+3i |—1+3i 3i 143 | 243 i 1+1 4i 1+-4i [—14+2i 2i 1--2¢ 2+2 0
3 3i 1+3t | 2+ 3 i 144 4 114 |—1+2i 2 1+2i 2+2 0 —143i
1-3i 1+30 ; 2+4+3i i 1+i 4i 14+4i (=142 2 1+2i | 242 0 —1+43i 3i
2-3i 2+3i i 1+i i 144 =142 2 121 | 242 0 —1+3¢ 3i 1+3
i i 1+i 4i 1 -4 |—14+2 2 142 [ 24+2% 0 —1+8 | 3i 1+3i 2+3
1-+i 1+i 4 1+4i —~1+2 2 1420 | 242 0 —143i| 3 1438 | 243i i
4i 4i 1+4i |--14-2i 2 1+2t | 2+2 0 ~1+38i| 3 1+3i | 24381 [4 1+i
1-4i | 1+4i —1+2 2 1 2t | 2+2 0 —1-+3t| 3i 1+3i | 2+38¢ i 14-i 4
—-1-+2i |—14-2i 2i 1428 |2 2 0 —1+3t| 3 143 | 2+3i i 1+ 4 1+4i
2i 2 1421 | 2+2 U] —1+3i| 3 1+3f | 2+3i i 1+i 4i 1+4i | —1-2
1-21 | 142 | 2+2 0 —1 :8i | H 1431 | 2+38i i 1+ 4i 144 [—1+2¢ 2
2+21 | 242 0 —143i | 3 1+3 ) 2+8t i 1+i 4 1+4f —1-+2i U 1+-2i
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Page 73,

Tabls of sodular sultiplication on mod(3+2i).

< 0 —1+3i 3 148 2438i i 14i 4i 1-+4i —142i 2i 1-2i 2--2i
0 0 0 0 0 0 0 0 0 0 0 0 0 0
—143i 0 —1+3i 3 143 2+3% 1 1+i 4 114 —1+20 2 142 2-9;
6l 0 3 2+30 140 1+44f 2 24 —1+83i 1+8 AL —=1+20 1-2
13 o 148 140 —142f 242 3 i 1440 1420 —1+3i 28 4 2
2-8i| o 2+3i 1-4 242 143 & 1+28 3 2. 2% —1-3 i =122
i 0 i 2i 3 4 242 243 —1+2i —1-3i 1+i 1420 1+3i 144
1+i| o  14+i  2:2 I 1420 248 2 143 —1+2 3 1+4 —1+3F 4
4i 0 4 —1+3i 14418 3 —1+2i 1+3i 2i 23 1+2i i 2+2t 1+
14| o 1+4i 148 1420 241 —1+3i —142i 2430 2+20 4 3i 2 i
—1+2i] ¢ ~—1+2i i —1+8 2 1+i 3 1+2 4 143 2:20 1+ 2.3
2 | o 2i 4 248 —1+8 142 144i i 3i 2.2 —1+2i 1+ 1-3
142 o 142 —1:20 4 i 1+3i —1+3 2+20  2i 1—4  1-i 2+3 &
2+2i ¢ 2:2% 1+ U =1+ 1+4 4 1+i i 2.3 1-& % —1+3
Page 73.

Is analogous (B C-aed)+) (BaC-~azd)=| (B +B2)
| 7,0 +81Pl.vhare

[0
|1

-
==

|r (i+%) e—(3,+2,)d 1+
L [

Thus,
(3, + 3 1)+ (0220 =(n+12) (e +di) + (| (3, % 1z)c“ -~

S Gad ] T, F G Re— (T wd ] ,,) < -

c-(agtazd)
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Sacond tera of thes right side of the latter/last equality, in viev of
basic formula for deducticns (3.1.5), is the sodular sum of
deductions a,+8,i and @,+f,i. Thus, possible overflows with the
addition of two deductions of p.s.n.v. take the fora

JORSAEEEN

wi={?
’ 1

In othsr words, transfer » with the addition of two composite

vhere

deductions §, 2ad §, on modulus/module p=cetdi is realized by ome of
the nuabers of the set: 0, 1, i, 1¢i. Hence, in particular, it
follows that with the addition a control of departure beyond tha
range, preset p.S.n.ve., can be carried out by means of modulus/module
2, since <.|;;(0, 1,1, 1'+i}. The character of overflov is here such: it
is not possibla to indicate such composite modulus/module p=cedi (c,
d#0), p.S.n.v. vhich vould contain in themselves all numbers 0O, 1V, §,

1+4i.

Consequently, with addition of two ts.k.ch., preset by the
positional code
39+ p+ 0P+, P
vhere
€< ; (k=0,1, 2,.... n)
the overflov, which appears in this digit, can affect not only the
directly next dacade.
Por an exaapla let us give the table of overflowvs vith the

addition of the ssallest deductions on mod(3+2i).
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Table of overflows with the susmation over mod(3+2i).

w(i1+32) 0 —1+3 3 1+3¢ 2+ 3 i 1= 4 1 4 —1-2 2 1-2i 2-2i
0 0 0 0 0 0 0 0 0 0 0 0 0 0
—1+3 0 i i § 1-¢ i 0 i 1+ i i i 1+
3 0 i i 1+i 1+ 0 0 1~ 1~ i i 1-i 1
1438 0 i 1-i 1+i 1 0 1 14 1 i 1.4 1 1
2-3i 0 14 1+ 1 1 1 144 1:4 1 i 1 1 1
i i 0 i 0 1 0 0 i 0 0 0 0
1-i I o 0 0 1 1 0 0 1+i 1 0 0 0 1
L 0 i 1= 1+ 1.8 i 1~ 14 11 i i 1 1+
1+-44 0 1-i 1-i 1+ 1+i 13- 1 1+ 11 i 1 1~ 1
—-1-2i 0 i i i 1+ 0 0 i i i i 0 0
2i 0 i i 1+i 1 0 0 i 1 i 0 0 1
L2 | 9 i 1--i 1 1 0 0 -0 1 0 0 1 1
2.4 | o 1. 1 1 1 0 1 1- 1 0 1 1
Page 76.

Overflov vwith the addition of the alements/cells
Lot a,¢8,1. ’=+Bz‘-e<:l;. (P=c+di), than
(2 + 30+ (22 + )+ { (50 + 3, d) + (2g¢ + 3;d) +
+1(Bre— 1)+ Gre—1d)) T

Since for p.s.a.a.v. it is carried out
—L‘g_'<’lc+3ld<'a%"; ~ L2} S 13¢48,d &

i p Tpl 5
——5 <he—1nd< —%—; ——3 <he—nd<J

of p.s.a.n.v.
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then
(e +31d) + (e +32d)= | (2, + 1) +
+@+3)d | T, +alpls
vhere
-1
+1
(by sysbol (4} sarkedly integer, neac to x).
Is analogous (B,c-a,d)¢( Bpc-ard)= (B *Ba) c- (agtay)with 4)
| 1y t31Pi, where
-1
a=[@dﬁ¥%r+uul—= 0.
+1

Hence, it is similar to the previocus case, ve consist that the
possible overflows »{ §,*$,) with the addition of tvo deductioas ¢,
and ¢, p.s.a.n.v., take the fora

Tleg = wg) =7, =,

vhers

-1
'l‘,':x 0'

+1
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{.e. transfer v vith the addition of two composite deductions
PeS.a2.n.v. on modulus/wodule p=ce+di is realized by one of the numbers

Of sat 0, ', 1’1. L' -1’i' -1' -1-1' -i’ 1-i.
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Paqe 77.

Tabla of modular addition p.s.a.n.v. on mod (3+¢2i).

+ 0 1 2 -2 =1+ i 1+i R —_i 1—i 2i -2 -1
)
o | o 1 2 —2t 14 14i —l—i —i - 2 -2 -1
1 ’ 1 2 —2i -1+ i 14 —=1—i —i 1—i 2i —2 —1 0
2 l 2 —2i 14 i 1+i =—1—i —i 1—i 2i —2 -1 0 1
-2 =2 —1-i i 1+ —1—i —i 1—i 2i —2 -1 0 1 2
—1+ =1~ i 1~ —1—i =i 1—i 2§ —2 -1 0 1 2 —2i
i : 1 —l—i  —i 1—i 2 -2 -1 0 1 2 ~2i —1-i
1+ I 1-1i —l= i 1—i 2i -2 -1 0 1 2 —2i -1 i
—_1— —1—i —i 1—i 2i -2 -1 0 1 2 —2i —1-=i i 1+i
- = 1— 2 =2 -1 0 1 2 —2 =1~ i 140 —1—i
1-—t ‘ 1—: 2i -2 -1 0 1 2 —2i —1 1-i —=1—i =i
2 2 —2 -1 0 1 2 —2 —1 1-i —1—i —§ 1—i
-2 -2 -1 0 1 2 —-2i -1 i ¢ 1 ¢ —1=i =i 1—i 26
-1 ; —1 0 1 2 —2 =1 i 10 —1—i —i 1—i 2i -2
Page 78.

Conssquantly, with the addition a contrsl of output/yield on the
range, preset p.s.1.n.v., can be realizad by seans of amodulus/module
j, since
Zely=(0,14,1—1 4 —1—i, —1, —1—i —i, 1—i}.
In contrast to p.s.n.v. the character of overflov Ls such:

pP.S.2.0.v, on any modulus/sodule p(lpi>2) 4t contains as the
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daductions of a nuaber of form 0, 1, 1¢i, i, =-1+¢i, -1, ~-1-i, -i, 1-i.

As an example are given the tables of modular addition and

overflows p.s.a.n.v, on mcd (3+241) and mod (1-21%).
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'Ele table of ovarcrflows with the addition of a.n.v. on mod (3+24).

:(31‘.2):0 1 2 =2 =1t 0l i —i 1 3 =2 -1
]

0 to c 0 0 00 0 0 0 0 0 o0 o
1 00 1 — 00 1 0 0—~i 1 6 o
2 o 11— — 01 1 0 —il—i 1 o 9
~2 | 0—i —i —1=i 0 0 0 —l—ie—i ~i 0 -1 —p
—-1-—&; 0 0 O 0 i 0 O 0 0 i —1L1i
i o 0 1 o0 P01 0 0 0 i 0
1I-i:001 1 0 0 1 1 0 0 01-i 0 o
—1-:%0 0 0 —1—i 00 0—1 —1 0 0 —~1 —1
- 00— — e 0 06—-1 0 0 0-1 o
1—ifo-i1—i-; 00 0 0 0—i 0 0 o
% o1 1 o i i1+<i 0 0 0 1-i i i
~2 0 0 0 —1 —13ii 0 ~1 =1 0 i —lai=l
-1 !o 6 0 —1 i 0 0 ~1 0 0 i ~1 0
Page 79,

Tables shovw that the overflows vwith the addition a.n.v. on

mod (1-21) are again elements/cells p.S.a.N. v, on mod (1-2i).

overflows vwith the addition ¢f real resainders on the composite

nodulus/module p=c*di ((c, d)=1).

Case of pes.f.0. v, <-|,=]-[7 .
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Let v %€ [-] . then
’1‘7"2:[71;72'3 -1 p .
vhers
. :1—-:,-_|0
7‘-[ P*] T
Since lpl=p-p, tae overflow in this case accepts fora n(c—di.

Lat it be ¢>0, then ts.k.ch, p it is possible to present in the
foras B=2c-p.

In this case 2c€[[7,,, since 2c<c2+42, since c#d on the stcenjyth
of the fact that (¢, d) =1, Ccnsequently, the character of overflow
with the addition of two real deductions is such:

Htay=|n+al;,. +=p

whers

{0
lZc-——p.

7 (14 1) =
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‘fﬁe table of molular addition p.s.a.n.v. on mcd (1-21).

- 1 i -1 —i
1 —i -1 0 i
i -1 1 —i 0
-1 0 —i i 1
—i i 0 1 ~1

e ' 1 i -1 -

' -

1 ’ i i 0 1

i i i -1 -1 0

-1 ] 0 —1 —i —i

—i 1 0 —i 1
Page 80,

Number -1 in this zase is a modular number, since
—l=()pi—=D+(IpI—2)p+1—Pp)F,
but

1—p=|pl—(2—1)+(1—D)p.

All this substantially comsplicates the processes of transfer.

Case Of pPeS.aeBeVe <:|p=1]-[},;-
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Lat 2, € ||, then

y+a=|3n+2,|,, +=ipril,
vhers
-1
=(n+23)={ 0.
1

let, for arample, c<IL§l, then ts.k.ch. p be is taptasénted in

the form p=2c-p.

le || T that the value of overflow in this

Since 2.¢ | . Fisio

l?nl' -

case is describad by the "two-place” positional codse.

Overflows with the multiplication of the elements/cells of

PeS.V. lat us consider the case of p.S.a.n.v. Lot §{,=a,+f, 1,

-

=1+ hie o (p=c+a, then

(1 +31) (23 +3,1) = (2, +318) (720 + 2, d) +

e c~di ({2 (22 e+ d)—=3; (%, e—~12, d) ]~
—i{tyc—2 e t (2a 2 1(% b
(22 24)) PPl l[ ipi ] -

H
4

, 2 (% c=13 d)+%, (2, ¢ -3 d)]—
F[RRERAAE SR (5 (e + dad)—

—.31(."20-12d);” 1360 —12d)+

+thine+ha) | 1,0 B2

Since
3y (22¢ - 33d) — 3, (P2c — 25d) = (2,2, — 3, 3) ¢ ~
+ (1 3+ 1,%)d,
(e —12d) = 3 (10 +%d) = (7,5 — 7, 3)c —

— (723 —3, %) d.
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that tae value >f overflow w»( §,e$,) with the multiplication a.n.v.
¢, and &, is calculated according to the formula

= (Qp S2) =[]~ +i[x],

vhere

_ailey e+ d)—3, (% c—my d); ng = (32 c—~1d)+3, (3¢ + 2 d)

x
! ipl 171
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Tabla of modular multiplication p.s.a.n.v. on mod (2¢3i).

’ 0 1 2 -1 -2 i —i 2i -2 1-+i 1—i —_14i —1=—
0 | 0 0 0 0 0 0 0 0 0 0 0 0 0
t | oo 1 2 -1 —2 i —i 2 =2 140 1—i =140 —1-i
2 J 0 2 —_1—i =2 14 2i —2i 1—i —1+4i —i —1 1 i
-1 i 0 -1 —2 1 2 —_ i —2 42 —lei =l 1—i 14
-2 ! 0 -2 1+ 2 —1l—i =2 2i ~1+i 1—: i 1 —1 —i
i I 0 i 2t —1 —2i -1 1 —2 2 —1-i 14 —1—i 1=
—i 0 —i —9i +i 2i 1 -1 2 -2 1—i —1—i 1+i =1+
2i { 0 2 1—i =2 —1+i =2 2 1+i —1—i 1 —i i -1
_21{ 0 ~2i —1+i 24 1—i 2 -2 —1—i 1oi =1 i —i 1
1t i n 1 i =i —1—i i -1 1—i 1 -1 2i 2 -2 -2
1—iy 0 1—i ~1 —1 }i 1 1 —_—1—i i i 2 —2i 2i -2
—1 } n -1 1 1—i =1 —1—i 1:i i -~ -2 2 -2 2
1= 0 —_1—-i i 14 —i l—i =1 i =1 1 -2 -2 2 2
Page 82.
Cartain rapresantation about the valus of overflow give the
evaluations
a ) +13! Jay | + 1 3!
|“|,<.J_Q7TL4__, | %y | € 52—
or

[xt- 10 | S V2o +18 |,

vhere a,+ip, - smaller in the absclute value cofactor.
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“fhe table of ovacflows with the modular multiplication on mod (2¢3i).

* (01 2 ~1 =2 i 2 2 14 1—f—1i—]—i
] 00 0 o0 0 o0 o 0 6 0 o 0
1 006 0 o0 0 00 0 ] o o 90 0
2 00 1—i 0 —~1+i 00 14i—1—i 1 —i i~
-1 600 o0 0 o00 O 0 0 0o o 0
-2 00-1+0 14i 00 ~1—i—1+i —1 | —¢ 1
i 000 o0 0 00 o ] 0 o0 o 0
—i 000 0 0 00 o 0 0 0 0
28 100 1480 —1—i 00 —1+i I~ { 1 o1 =i
=2 {100—-1—i 0 1+i 00 1—i—14i —f —1 1 i
11100 1 0—~1 00 i ~—i 6 0 o 0
1—-100—i 0 ¢ 00 1 -1 0 0 0 0
—14+i{00 i 0 —i 00 ~1 1 9 0 o 0
-1—i{00~1 0 1 00 —i i o o0 o 0
Page 83,

The evaluations indicated are the immediate consequence of the

inequalities
lage+2d| < X, [e—nd| < 2L,

Multiplication table on aod(1-2i) is convenient fact that the

overflows with the aultiplication of any tvo deductioans on the

nodulus/aodule indicated are equal to 0.

Lat us switch over to a gquestion about the methods of the
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r2duction of mdolular tables. With an increase in the noram of
aodulus/module tha tablas of modular operations become bulky, which,
naturally, leads to an increase ip the 2quipment and it affects
triggering tima of the device/equipment, which realizes modular
operation, In connaction with this thera is the great practical
interest in the gquestion about the abridgement of table of modular
operations, which in turn, is connected with quastions of the special

coding of deductions.

The in practice satisfactory solution of this question can be
obtained, using planar symmetry of p.S.1.n.V.

Lat us consider at first odd moduli/modules (j,|=1 (mod 2). IA
this case the sat of all deductions on 20d p can be decomposed on

iﬂ%:i the groups of the associated daductiens.

Choosing on one representative of sach group of the associated
deductions and labeling thea in the desired exponent 1, 2,_3, cees
lﬂ%:l, ve vill obtain the sequence vhich let us name the sequence
of the deductiosas of rank 0. The sequence of deductions, obtainad by
additional multiplication on i* each sleasant /cell of the sequence of
the deductions 5f rank 0 and that arranged/located in the appropriate

order, ve will call consequence of the 1eductions of rank A. Tha

nuaber of deduction in this case we will call the mantissa of
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deduction.

Thus, planir syametry p.S.2.0.v. 3akes it possible to introduce
the general-purpose coding of deductions for all p.s.v. on the 2>dd

moduli/modules.

Any deduction x+3e<.|, (Jpj=1(moi2)) is unaambiguously
represanted in tha form a+*pi=A. n, wher? )\ - rank, vhila n - santissa

of deduction (point it is used as separating syabol).
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'Fhe table of tha modular sultiplication of deductions p.s.a.n.v. on

mod (1-21).

Rank A\ can take values of 0, ', 2, 3, i.e., value from p.s.n.v.

p —1

on mod 4, and aantissa is coded by numbers 1, 2, 3, ceey - 7

Modular oparations respectively take tha form

<Cum)lran) | T =(10+2 | DX

K <0.7) X089 | 7, (5.1)
Khpemytiany | 5 =(.1).20.0,+
'1‘“'.'—7‘;':-"2';- (5.2

Hare it is thought that deduction 1 ansvers the mantissa, squal
to 1. Thus, with the multiplicaticn of leductions the ranks of
deductions stora/add up on aod 4, mantissas are multiplied in
accordance with tha abbreviated/reduced modular table, and duriag the
addition is present the oparation of the standardization of first
tera (analog of the operation of the matching of exponents of the

positional codiag of deductions).
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Bacause of this method of organizianag the acdular operations of
multiplication table are reduced 16 times (in this case still rasains
the possibility to shorten multiplication tables due to the
commutation of the operation of multiplication), and the tables of

addition - 4 tinmes.

Example. P.S.2.n.v. cn mod (3¢2i) la¢t us code in accordance with

the table

<139 0 1 2140 & 2 —14i—] —2 —1—j — -3 1—i
Koxl™0.0 0.1 0208 11 1.2 1.3 21 22 23 31 32 33
Key: (1). Code.

Then the abbraviated/reduced tables of modular nmultiplication

and addition take the following fcrum.

The table of moiular aultiplication on mod(3+2i) 1.

00 n 02 03
00 0 0 0 0

Ut 0 Ul 02 03
n2 n 02 13 u
93 0 [1%] 21 12

POOTNOPrE t, Hers and below in the tables for ths conveanience are

oaitted separating points. ENDPCOTNOTE.
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page 85.

It is not 1ifficult to see that to tha tables of overflow als>

sxtends principls axamined above of abridgesament of table.

Actually/r2ally, frcem foraulas (5.1) and (5.2) it follows that
it suffices to assign the table of overflovs v

=(2(0.n,)(0. 1) )

4

S (0.n) - GLn) )

in ordar to knovw overflows in any other cases. The ovecflovs, which

appear in the rajected/throvn part of the tables, will differ froe

those sverflovs wvhich are considered in th? abbreviated/reluced table

by the dividers/denoainatcrs of unity:
T((eny) (e )Y =y = 2 | 0 1) (0. By 0. A
(1. By) — (12 A2)) = (. 1)e=((0.0) = (o vy — vy 2y
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fhe table of moiular addition on mod(3+2i).

PAGE ’W

- 00 0l 2 3 11 12 13 21 22 23 31 32
00 00 O0F 02 03 11 12 13 21 22 23 31 32 3|
o6 01 02 32 23 03 22 11 00 2 31 33 13 12
02 a2 32 13 23 1 03 01 00 33 12 11 2
03 03 23 31 21 22 32 12 i1 i3 00 01 33 0

Jnabbraviated

varsion of the tatles of sverflow on mod(3+¢2i).

.01 02 O08 11 12 13 21 22 23 31 3 B
o1 0 o0 O 0 O o 0o O O 0 0 o
o2 0 33 01 O 03 11 0 13 21 0 23 A
3 0 06 6 o0 11 0 0 22 0 0 3 0
11 0 o 0 O 0 0 o0 O o O 0
1> 0 08 11 0 13 21 o0 23 31 0 33 0
13 0 11 o0 o0 21 o 0 3 0 0 01
2.0 o 0 0 O 0 O O 0 0 o0 ¢
2 0 13 21 0 23 31 0 3 01 0 03 11
23 0 21 0 ©0 31 0 0O 0 0 11 O
31 o 0 0 0 0 o0 0 0 0 u 0 0
32 0 2 3 0 33 01 0 9 11 0 13 21
33 o 3 o0 o0 o0 o0 1 o 0 21 O

Page 86.

Abbreviatel /reduced version of the tables of overflow on

god (3+21)

o1 02 03

m[o o 0
[

02/0 33 01
m‘o 01 0

—— — - =
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Examples. 1) to find product < (23X@3.2|,. According to foraula
(5. 1), ve have
<@YBDI;=(12+3[51<0.3)0 2=

=(1.1)0<0.3)x0.2)] .
Prom the abbreviated/reduced table of maddular multiplication we find
that < 3)x0.2(; =21, therefore
<(2.3)X (32|, =(L1)<(2 1)=3 1.
b) To find sunm <EB D+ NI According to formula (5.2) ve
vill obtain
<@ DRI, =G D<OD+]2—3] 8], =

=@ DO 1)+@ 3.

Proa the abbreviated/reduced table of modular addition we have
70.1+3.83], =1.2

’

consaquently,

<@ D-2 ;=@ D1 =02
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Page 87,

Chapter 4.

POSITIONAL NUMERATION SYSTEMS WITH THE COMPOSITE BASES.
§1. General/comaon/total formulation of the problenm.

Lat be is preset sts.k.ch. z. Let us zonsider the set of all
ts.k.ch. of the form
wtrupupP -t aa (1.1)
vhere 3ach variabla/alternating ;, Ppassas value by certain p.s.v. on

acd p.

Generally speaking mentioned p.s.v. can be distinguished betveen
theaselves, i.e., depend cn index k(0Kk§n-1). ¥e will indicate that
the set ts.X.ch. (1.1) forms range D(p*) ts.k.ch. on mod p",

repressnted by positional code (1.1).

It is clear that the geoametric configuration of range depsnds
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both on the

p on each k-

81024006 PAGE /*7

selection of tasis/base p and on salection p.s.v. on mod

th ligit.

The study 5f the positional numeration systeas of a similar

understands

th2 study first of all of the followving

general/common/total problems:

a) the

b) ths

¢) the

d) the

Specifically,

ranjyes of the representation of numbers;

detarniration of overflcws with the addition:

operation of addition and multiplication;

operation of translation/conversicm.

exanined balow some positional numeratisn systems.

§2. Composite varsion of binary number systea.

Prom the fact that |+1=+i]=2,

systes of deductions on any of the btases/bases ¢-1+-1i

double-discrete. In other words, any of tha sets

{o, 1}, {0, i}, {0, —1}, {0, —i} (2.1)

faca

from the point of view of these questions will be

follows: the full/total/coaplete
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can be chosen as p.sS.¥. on any of the moduli/modules +-1¢-i,
Page 88.

Bacause of 1ouble-discreteness p.s.v. on aoduli/modules p=+~-1+¢-1
appears the possibility of the introduction of a certain analog of

binary positional arithmetic in the ring of ts.k.ch.

Since numbars +-1+-1i are asscciatel, from the point of view of
division theory construction of the positisnal numeration systea with
the bases/bases +-1¢+-i is represented by adequate procadure. However,
the algorithms 52f arithmetic operations can be changed in the
dependence on that, which of sets (2.1) will be chosen as the basis
for ths image bit digits with one of the bases/bases of form
p=¢-1+-i, The lattar is connected with the fact that the character of
additive and amultiplicative overflows can depend on the selection of

PeS.V.

Thus, from the positions of the analysis of multiplicative
overflov is profitable to select as p.s.v. sat { 0, 1)}, since in tha
class 35f these deductions are absent multiplicative overflows. In
connaction with this it is expedient to consider all possible

versions of tha binary coding of ts.k.ch.
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Algorithms of tha formation of the deductions of arbitrary ts.k.ch,

on modulus/module p=({(—1)*"—(—1)"i)

Case a. Let as p.s.v. on mcd ((—1)*-(—1)";) be are chosen one of
the sets { 0.1}, [ 0, -1 }. It is necessary for the the arbitrary

ts.k.chr, a+bi t> construct u, v p such, that

a+bl=@—iv)p+o 2.2)

whara -2{0, 1} (z€{0, —1}).

Prom (2.2) it follows

(=D *'u—(=1"v=a—p

)

| (=)™ u~(—1*v=0.
Hence
_ (=l*g—(—=1)™ > k2
—~—————3—————-—(-D P

2.3)
(=X b—(—1)™ g

U= —2———-(—’1)’"?.

Sinca numbers a, b and u, C - vholes, then frca relationships/ratios

(2.3) it follows
[ 0, e&};n a = b (moid 2),

! o
I 1, ecgm a =b (mod 2).

[o) =

(2.4)
Key: (1). if.

Page 89,

Relationships/ratiss (2.4) and (2.3) unigqualy deterains expansion
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(2.2).

Case b. As p.s.v. on mod ((—1*< (—1)"j) is selected one

sets (O, L}, (0, -1 }.

Then it is analogous with previous, arbitrary ts.k.ch.
unasbiguously is =2xpanded according to the formula
a‘;-bi=(u-4—il.‘)p;[p, (05)

where -e {0, 1} (€ .0, —1), moreover

(=D*a+(=Dmb

- (="

u=

_ =DRe—(—ma ks
== =05

and
1
[0, ecn‘u a = b(mod 2).

o= 11 el = b(mod 2).

Key: (V). if.

L2t us intcoduce the designations

=1 g —
inm = ey )
2 J

(—1)* b—(—1)" o ]

vk.m=[ 3

of tha

then (2.3) and (2.6) it is possible to rewrite respectively in the

following form:
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u= u.,,.-&-—l-;—l—(l — (= D*signy),

i
V=0Urm —’r'—;—"(l - (—1)"signg¢),

u=up m+ L (1—(—1)"signe),
(2.6
V= Up m -f-l—;—l(l —(—1)*signy).

Lat us reduce to the table of the rule of formation u, v, p
expansions of type (2.2) and (2.5) depending on the selaction of

basis/base p=(—1)*+(—1)"1 and set of p.s.v.

Page 90.

p_ | w1 o | psw

+ 1+ uoo voo+p {0,1}
ugo+¢ Yoo {0,—1}

uoo Voo {0,i}
uoo+? voo+9 0, —i}

~14i uy0+¢ V1046 {0,1}
4o U10 {0,—1}

ujo vi0+p {0,:}

uyo+o 10 {0,—i}

~=1—i U +s vy {0,1}
Uy vt {0,—1}

v+ v +9 {0,i}
LS¥} v {0, —i}

1—i gy oy {0,1}
dor+? vor+¢ {0,—1}

uoy 9 Vo1 {0, i}
oy vo1+p {0, —i}
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Positional coding ts.k.ch. with basis/base p=(—1)*-+(—1)"i.
Algorithms (2.2) and (2.5) the disintegration of arbitrary ts.k.ch.
make it possible to detersine the positional binary of odes on aay >f

the bases/bases p=(—1*L(—1)y"L

The algorithm of the consecutive datermination of digits ¢ ¢, e

binary representation ts,k.ch. a+bi

@a-bi=3:+gp+p P+ +,pM 4. (29)
is assignei by the following flov chart of the calculation (basaed on

the example when as p.s.v. it is sslect-d set { 0, 1 } or [ O, ¥ }).

ag=a b, =b [ Jeol =la+-bi,
(—1)*aq+(—1)"b, l (== 1)"an
¢y =—"—39 - k b= _— s
mohos
PR T ! —1ymL
(—1)* | +( 1)"‘
)
(—1¥a) 4(—1)"b, (=% —(~1)"a,
8= g = |be=T— 3
q ! . [eal =lag+baj2
—(=1 5 \ H=1D"5
l {
!
| 1
(=D*a g~ (=11~ (=1)*by—y
as= 3 by — 3
. (=17 II‘.|=Al¢.—1+bn—1|2
—(—r-gt e it

Page 91.
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In this diagram of digit ¢ ¢ vy ... 1S determined positional code

(2.9) ts.k.ch, a¢tbi, beginning frem the low-order digit,

Observation. Here and subsequently it is assumed that the
nusbaring of tha bits of the bipary code is led froam the low-order
digits to sanior. Expression |: | represants absolute part of

deduction -

Lat us refine, at what step/ritch one should complete the

described procass of binary coding.

L2t us introduce the desigration: ¢s=a,+ b1

By construction

Q-1=¢qeP+%-1 (s 1)
If 5._1 =0, than
| Qo1 | =l’§| q !

and, therefors,

(] < | @1l (2.10)

But if [¢_,;!=1 then wa will distinguish two cases depending on
that, which of the following paire of p.s.v. is accepted as the image

of the digits of the binary coding:

1. [0,1}, [0. -‘}:
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2, (0, i}, (O, =1).

In the cas2 of 1 ve will have:

(a1 —24)) ~bs1i=gq,p,
vhence ‘

(@t — 41 ~b,_, = 2(a,* — b’).

Let us presant the left side of the latter/last equality in the fora

(@-1 —tm1)2 —b]_, = 2(a’_, — b)) —
— (o1 21)* = B =2
Page 92.
since ¢, b, - integers and |a, +b,-; | .=1, which follows from
the fact that|¢ ,| =1, the minimum value which can take the form
(Ge=1 + 24-1)* = b} (2.11)

—1

aqually to 0. Tais value it reaches at the single points
Qg1 = — 2,1, be_1 =0.
The following in the value value which can take this forws, is

equal to 2. This value it reaches at points 4, =0, by = - 1.

Thus, for all points, different from thoss mentioned above,

vhich let us nase critical, the fors

(Be-1 T 'n-l)z -+ b:-l >2
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and tharefore for these values a, , b

s—1

Iql|<|ql.-ll~

In the casa of 2 wve will have:

Qy—1 + (bg—1 —,1) I = ¢, P,

hence

8)_y 4 (bat — 20my)? = 2(a, + b,2)

or
al_y+(b,_y+e, 1P —2
2

. 2 2
ef+b’=a,  +b,_, —

Is analogous with that presented the minimum value, equal to 0,

the fora

8}, + (be—s + ¢4
acquiras at unijua critical poirt ¢,y =0, by_1=—:z,_,, alsd> value equal
to 1, it takes at points ad,-1= =1, b1 =0.

Consequently, for all points, diffarent froa the critical ones,

it is correct
1] < | qe-1]. (2.12)

Lat us pause at the analysis of critical points.

Page 93.

Them answer critical numbers -1, i, -1 in the case of 1 and -4, +1,

-1 in the case of 2. Let us note that
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Binary cola of number a+bi wvith basis/base p vhose digits are

represanted as values 0, 1;

the binary code of a number - a-bi with tasis/base p vhose

digits are repr2sented as values 0, -1:

the binary code of a number -b+ai vith basis/base p whose digits

are represented as values 0, i;

the binary code of number b-ai by basis/base p whose digits are

reprasanted as values 0, -i, they coincide.

In connection with this for each of the ltases/bases
p=(—1"~(—=1mi it suffices to consider the systea of deductions ( O,

‘ ).

L3t us introduce the following designation for the bases/bases
in question:
Pa=12(1+1) (x=0,1 2, 3).
Miniaum value quadratic form (2.11) accepts at points
de—1=—1, by_==0. Therefore let us consider the

translation/conversion of number -1 into the binary cole.

Is obvious, —1l=—p.p.+1, tut — p.=(—1)ip.




DOC = 81024006 PAGE ]{7

Consegquently,
—1=42+p + 1 (2.13)
By tha following step/pitch in the dependence on the parity or

the oddness a it is necessary toc decompose into the binary code of a

numaber ¢i and -i.

Lat a - evan (a=0.2). Then with a=0 we have
t=1ipy+1,
i.e. number i on mod (1+i) is mcdular. In other words, it can be

repra2sented by tha positional code on basis py=1+i of the arbitrary
length:
I=1+1-p+1-p? + 15 +... 415" + 10"
With a=2 ve have
t=(—1)p;+1, —i=1-p,+1
or
l=1.p*+1.-py+1.
Asnce, by force (2.13), we consist that on basis/base pp=-1-i
nuaber -1 i3 rapresented by the binary code of the finite length:
—1=1-P:‘+1'P23+1°P3’+ 1. ps°

Page 94.

tet a - 0d1 (2=1, 3). Then with a=1 we have:

—i=tip+], t=1p+1
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or
—t=1p%+ 1.p,~-1
Hence, by forzs (2.13), we consist that on basis/base p,=-1¢4
numsbsr -1 is also represented by the binary cecde of the finite
length:

—1=1.p*~1-p’+1-p?+ 1

With =3 w3 have

—l=(_1)P3'T'1'

{i.e. a nuaber -1i on mod (1-i) is sodular. Thus,

f>r bases/bases p,=-1+i and p,=-1-1i critical nusbecrs have a
disintagration into> the binary codes of finite length, and therefore
on the strength of the fact that for all other numbers condition
(2. 10), any ts.kx.ch. are carried out decomposed/sxpanded by unigue
form into the binary code of finite length on bases/bases p,=-1¢4,

P2=-1-1i:

for bases/bases pgy=1+4i, py=1-i critical numbers have a
disintagration into the binary code of arbitrary length. Proa
avaluations (2.12) it follows that any ts.k.ch, is
decomposed/expanded by unique fors into the binary codes on

bases/bases pg=1+i, p3=1-i, the ccde having finite length, if the.
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process of consacutive indexing, described by diagram, is completed
not by a critical number. The ccde can hava arbitrary length, if in
the process consecutively/serially of division on the liagraa is

encountered a critical number.

Po>r the survay/coverage is given the table of the binary
expansions of s>ae constants in numeration systaam with the
bases/bases cf form p,.= i"(1—i) and with the selection as p.s.v. of one
of sats (2.1). #doreaver in all cases of binary coding nonzero digits
are designated by ones, although bty their natura they can be not
unity. Hera is used below the ordinary principle of the binary
notation: the code is read from left to right; the first, diffeceant

from z2ro, digit senior.

Table is given complately for all possible versions of binary
coding, thanks to which more graphically are exhibited the invariants
of the binary coding of ts.k.ch.

The analysis of table is shown:

1) the character of additive overflowv does not depend on the

method of assignment p.s.v.;

2) numeration system with bases/bases py=1+i, p3=i-i possesses
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aodular nuabers, the value of additive overflow having in the binary
recording potantially infinite extent, which coaplicates the

operation of addition;

3) the best version of binary number system is system with
basis/base p,=-1+i (or p,=-1-4i) with tha salection of p.s.v. ( 0, 1

for the digital image of the bits of the binary code.

}
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PAGE rb/

Table of the binary disintegration of constants in terms of
basas/bases p.
N e nn { I
\\Q\‘ 0.1} (0,4} 0,—~1} ! 10, —i}
P, |
| —1=(i)01 —1=(—11 1- (=01 j —1 (o1l
i=(i 1=(—1)011 iz (—0)011 ! :=(1)01
| —i==(011 —i=(—1)01 —i- (—i)1 1- (1
- [ —l41=(D10 —1-ki=10 —1+4i- (—i)0101 =14 =(1)010
F — 1 —i=(i)010 —1—i=(—1)10 —1—i-=10 —1—i=(1)0110
- 1—i—(i)0110 1—i= (—1)010 1—i- (—0)01 1—i=10
‘ ' 2=(:)01100 1+i=(—1)0110 1+4i= (~1)010 1+i=(1)10
£ | 2 - (—1)01100 2 (~001100 —2i - (1)01100
] ,
—1=11101 —1=11 ] 1-11101 i —1-111
i 11 =111 | i 111 ¢ 11101
- —i=111 —i=11101 —i—11 | 1- 11
+ 1--i= 1110 —1-+i=1110 ! —1+i 111010 ] —1+i 110
T ~1—i 110 —1—i=10 ] —1—i :1110 i —1—i=111010
1—i— 111010 1—i=110 1—. - 10 ; 1—i =1110
- 2 1100 1-=111010 i 1-i 110 ! 1+i=10
< 2i -1100 —2 1100 f —2i=1100
—1-:11101 -1 111 i 1 11101 —1 11
L1111 1=11 i- 11 i 11101
- —i n —i -11101 ‘ —i =111 1-111
f 1::1=111010 —1:i-111010 —1-: 1110 —1 =i -10
T —1-i--110 —~1—1 - 110 —1—: -111010 ; —1—i- 1110
y 1—i 1110 1—i 10 . 1— 110 1—i=111010
|3 2- 1100 1 ¢ 1110 } 1 i=10 ‘ 1 -i- 110
= 2i=1100 —2i 1109 —2i 1100
—1 (=01 —1 (1o f 1~ (i)H101 | —1=(—11
wi (=011 1 (1 | 11 i r (—1)0t
—c (=l -t (1)01 | —i (N1011 , 1 (—1)0il
- —~1-i (—010 —U -0 (1)0110 , —1 & 10 5 —1 i (=110
| —1—i (=010 —1—i (1)010 | —1— (1)10110 i —1--i 10
- 1 i (—0110 1—i (110 | 1—i (1010 | 1—i (—1)0110
2 2 (—~01100 1-i 10 1 (10 | 1 i=( 1010
2i (1)01100 -2 (0101100 ! —2i = (—10110C
Key: (Ve pPes.v.
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Page 96.

Pig. 29. Deductions on mod (-1+i)8.

Page 97.

§3. Positional irithmetic of numeration system with basis/base

p=-1+i.

Above it wvas shown that on basis/bise p=-1+i any ts.k.che. in a

unique manner is decomposed/expanded in by binary the code of finits
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length (Pig. 29). The translaticn algorithm of arbitrary ts. k.ch.

a*bi the binary code is described by th2 follcwing diagram

consecutively/sarially of division:

de=a be=1b ‘o= [co—tely

o = bo—;o"'fo bt:-.”"_‘;‘v_—_’:"s-—-lal?*bxlz
b —a,—t by —a@, == .

g = 2 2\ L b,=—-‘—%’-—l g2 = |as + b,

........................

................................

Example. T> ropresent ts.k.ch., 3+4i in the binary code on

basis/base p=-1+¢:

=3 b=y ‘o= { Ogtby | :=1
o1=r—;—$l—=1 b1=—‘—+—:'——1'=—3 q 0
a,=-3—21+°=—- b,-—-a;1—°=1 =1
S S = “
ag .'1_20“:0 bgz—_l;o—]':l e5=1
06;1—241 - »,-—-—”g“‘ o =1
0—1+1 0+1-1

Qy= 2 —Q b-]- 2 =0
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Page 98.

Thus,
3+ 4i=ggrgrgey gyt 5y =1111101,

For the restoration/raeduction ts.k.ch. on the basis of its
binary code, it is desiratle to have a table cf degrees of basis/base
p=-1+i. In that case the unknown value can be obtained and the sua >f

thoses 3egress p, for which discharging digit is different from 0.

Since (-1+#1)2==24; (-1¢1)3=2(1+44): (~-1¢i)%=-22  then

(— 1) =(—1+i){7]'“m'=(—22)[—”(—1+;-)m,:

1, n];=0
{%] _1+io In,‘=1
R L

t 2Q+3), [n],=3

Example. T> restore/reduce ts.k.ch. on the basis of its binary

code 1 11 1 101,




r
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\ Hneen

CTeneHs 0: 1~—-1
» 1: 0—-0
> 2: 1~ —2
> 3: 1 — 242
» 4: 1 - —22
> 5: 1 — 22--2%
> 6: 1 — 28

3+4i

Key: (1). We have a degree.

Operations of addition, subtraction, multiplication. The
operations of addition and multiplication of the numbers, preset by
the binary cods, are formed/shaped in accordance with the operation

of addition and multiplication of deductions.

Page 99,

It is clear that the operation of the addition of the coaplex
nuabers, represanted by the binary code, will possess distinctive
specific character against the ordinary binary arithmetic of real
numbers, since complex numbers, being by their nature tvo-dimensional

vector quantitiss, are represented by the one-dimensional code.

So ths correctly following sentence: the operation of the

addition of tha coaplex numbers, rraset by the binary code, genarally
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speaking, it cannot be made via formal step-by-step addition takinj

into account transfers from the lcw-ordsr digits into the senior.

Lat us confira the sentence indicated. Let us find the sum of
nuabers ip=110, i=11,1 (Pig. 30)., After the first stroke/cycle of

addition low-order digit takirg into account transfers we will hava:

As a rasult of the first stroke/cycles of addition initial situation -

the requirsment to susm up the nuabers

110
11
1

vas not changed, It will not be changed also after the second

stroke/cycle of addition.
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the table of the addition of deductions.

+ 1 o 1
0 0 1
1 1 1100

Multiplication table of deductione.

x| o 1
0 0 0
1 0 1

Key: (V). Pig. 30, ip+i+1=0,

paga 100.

Consequently, the formalism of the operation of tha transfer in

this case will lead to the unlirited continuation of the process of

addition.
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Thus, for axecuting the operation of addition of ts.k.ch. preset
by the binary code, besides the strckes/cycles of addition taking
into account transfers from the lcw-order digits into the senior, is
aacessary certiin pattern logic on the recognition of the cycles of

coaponants/terns/addends whose sus is equal tc zero.

The elementary zero cycle of this kind (i.2. by the cycle, which

contains the shartest binary wvords) is the cycle

—i=111
+ j= 11

0 000
Its varieties thaey are
110 101 100 100 111
11 10 11 11 10
1 11 11 10 1
000 000 000 1 000
000

The correctly folloving rule: let it be it summarized a ts.k.ch.
reprasanted by the binary code; any k of the pairs of unity s-th aand

(s¢1)-th of bits and k units, (s+2)-th bit of

componants/taras/addends (if such ccabinations of unity there exist)

is formed zero cycle,

Example 1. Minimum zero cycles are outlined,
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ET';? (" sropokt nepemoc
1 ey \Z\mpumﬁ nepewoc
111 Mo 000 (—1(—1+i)
[ﬂl 01000 (—1)(—1+i)?®
1110100 (—1) (—1+i)
111101 (=1

0001 ‘1
Kay: (1). the sacond ¢ransfer. (2). first transfer.

Page 101.

The same 2xample, but in other version of the formation of ths

z8ro cycles:

exaapls 2.

Ereflese: .
::‘: JEer s

01 1100100 = 4+2i

The operation of subtraction can be carriad out by means of

addition in accordance with the table

!
)

-
~lo
O -

In contrast to the transfer ' 1 0 0, formulated in the case of

tha
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addition, in tha case of subtraction is formed/shaped the transfar,

equal to 1 9 1 0. Here 1=-1=1 110 1,

Example 1. examfple 2.
— 1100100 ma+2:
111010111 =4—,

1100100 =g +2 170110011
T1110111 = 8
“o0i00il

114101
11 1§01
11101

111010102 emg> i 1110111 =~ Ox:

Example 3. To construct the nuamber, contrasted to a number 3i=

1101 11,

92 have

110011 ==

Page 102,

The operation of multiplication, the force of the absence of

multiplicative sverflov vwith the wmultiplicaticn of different frona

1
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zero ones deductions 1e1=1 can reduced to the addition, siamilar this

occurs in the cise of the binary arithmetic of real nuabers.

Exaaple 1. To multiply numbers 1 0 ? 1 0 1 1 1 and ¥ 0 1 1,

10110111
1011

11°-|
llj

11—

10110111
10110111
10110111

11111000101001

The operation of multiplication by i; initial binary number is

multiplied 1t 1,

Exaaple 2. 1 0 0 1 10 Tei=1 ¥ 10 1101 11

11 -
i
11+~

1001101
1001101

1110110111

The operation of multiplicaticn on -{; inpitial binary nuamber is

aultiplied by 1 1 1,

Example 3, 1 0 0 1 1 0 le(-i)=1 117 11 00 11

111110011
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§4. Binary coding of ts.k.ch. on the basis/base 1-i.

It is of iatarest, what effect on the bimary number systea of
comaplex numbers proves to be the presence of sodular numbers. Lat us
considar basis/base p=1-i. FPor basis/base p=1-i in the remaindecr
class { . 0, 1} a modular number is value (-i);

—i=(—i)(1—i)+1.

Page 103,

Phe translation circuit of ts.k.ch. a+bi into the binary code oa

basis/base p=1-i (diagram of comnsecutiv2 inderxing into p) is assigned

as follous:
o= ]8y+bg |2

b
a, =[m] by = [%;h] = |a;+b |z )
e (4.
{

....................

Aence
@ +bt=: e ptepo . e ptt -,
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inasauch as critically numbers -1, i, -i are reduced to modular
nusber (-i) during their disintegra£iou into tha binary of codss
-1=(-4)0 1, i=(-1)0 1 1, ~i=(-1)1, then for the the arbitrary
ts.k.ch, the process of consecutive indaxing is completed in tha n
stage when partial quotient ax--byi{ proves to be equal either ta 71

or ~i.

Examples. To find binary nctationm with basis/base p=1-i of

numbars 7+5%i, 1-4i

a b | [ 3 b g

7 5 0 1 1

1 8 1 2 =2 0
—3 3 0 2 0 0
-3 0 1 1 1 0
-2 2 0 0 1 1

0 ~2 0 -1 0 1

1 -1 0 -1 -1 0 ‘

1 Q 1 0 -1 (=)

7+ 5¢=10001010 1—4i=(—i) 0110001

A number 1-4i, being given to the binary of odes on basis/base

p=1-i, in the high-order digit has digit (-i) - a modular nuaber.

Thus, relative to the algoritha of division (4.1) the set 5f all
tS.k.ch. is dividad/marked off into two classes, First class includes
all those nuabers, for which consecutiv? indexing
(translation/conversion into the Einary code) on diagram (U.1) is

comspleted by ta2 partial quotient, equal to +1; the second class
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includes all those numbers, for which consecutive indexing on diagran
(4.1) is completed by the partial quotient, egual to (-i). Numbers of

first -lass we will call positive, and the second class - negative,
Page 104,

The intersaction of tie set of positive and negative numbers is
empty, since in viewv of the unigueness of the binary notation
ts. k. latermined by diagram (4.1), any ts.kech. (different from 0)
can . >r positive or negative. It should be noted that entire
the partial quotients of consecutive indexing on diagraam (4.1}, used
to a positive number, are positive numbers, and the partial quwtieats

of negative numbers are negative numbers.

Actually/r2ally, Let ts.k.ch. a+bi ~ negative, then

N-1
a+bi= Fe,1—Dt+(—1) Q=¥
=0
and at m step/pitch (m<N) of consecutiva indexing on diagram (4.1)
the partial quotient be to take the fora

N—-1
S Q-+ (=1 a—ir-n,

RA=m~+1

i.e. it will be a nuaber negative.

As is known, the set ts.k.ch. of the forms
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a—1
Yaa-—nh
k=0

vhere each :, can accept one of the values - 0 or 1, £orms p.S.v¥. 2N

mod (i—j)" (Plg. 31). With any n this p.s.v. will consist only from the

positive numbers u, therefore, not with what n this systea will
centain, for example, such nnmbers as -1, i, -i. P.s.ve on mod
(1—i)»+1 containiaig both positive and negative mmbers, are fornsed

ts.k.ch. the fornm

n—1
Y- +01—i, (4.2)

=0

vher? esach ¢, accapts one of the values - 0 or 1, and © - valus of

or (-i) .

e
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Page 106.

P.S.Vv. on aod (1—i)"*! form (%.2) ve will call standardized and

designate by symbol U... (Fig. 32).

ZGU,”l and

n—1
= 2 €y P. + 8p*.
=0

Let us desigrate through z* inverted number, i.e., ts.k.ch. of fora

a—1
#= Ye,tpt+0%p",
vhera k=0

)
1, ecamt ¢, =0

Eh.={
0, ecmr g, =1

0, ecnt O =—1i

8‘={—1, ecm 0 =0.

Key: (1) if.

Is obvious, z2*eU,,:;, screover z* - is negative, if z - is positive,

and vice versa.
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Lat us finl the sum of numbers z and z*:

n—1

2+ =3 PP+ (0= + (D=1 D+
—0

T (=)pt=—L
Thus,

242 =—1. (4.3)
Prom relationship/ratio (4.3) it follows that ze¢i/2=~( z*+i/2),
i.e., the integar points, wvhich represent on th2 composite plane
negative numbers, are symmetrical relative to the canter of symmetry

(0,=-1/2) to the points, which represent positive numbers.
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------------

-----------

Fig. 32. Standardized p.s.v. cn mcd (1-1)7, (+) - positive numbers;

(=) - negative numbers,

Page 107.

Prom (4.3), it also follows that if is praset nusber z by its

binary code, than in order to otktain the code of a nuaber - 2z, it is

necessary
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a) to invert code z, i.e., to obtain z*; b) to the coda of

nurbar z* to adjoin the ccde of number i.

Latter/last property is analogous with the property of the twds's

cosplement of n2gative numbers of the binary arithmetic of real

numbars.

Thus, is observed the analcgy of the properties of the binary
coding of negative ones and pcsitive ts.k.ch. and the propertias of

the binary codiag of negative and positive ts.v.ch.

However, the arithmetic properties of positive and negative

numbers do not apply to the class c¢f positive and negative numbers.

Based on siample examples it is possible to ascertain that the

sam (it is correct for the sum ¢f pcsitive nusbers).

Example 1, n

—1= (—i) 111...1101 ,,) (HeraTHBNOE IWCAO)
+ i= (—i)111... 1011 U/ (aerarusmoe smecno)
—1l4i= (—i) 111... 1010 (BeraTHBHOE IMHCAO)

Key: (1) a negative number,

Exanpls 2. A
14i= (-—i)11l... 10110 (1) (meraTnasoe sucao)

+ = (~i) 11... 11111 (MeraTHPRO® IACI0)

1= 0 00... 1 (,‘1} (moaxTHBRO® WHCAO)

Kay: (V) a negativa nuaber. (2) a positive number.
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The operation of addition in the binary number system with
basis/base p=1-i is complicated by the fact that the value of

transfer rapresants the negative nuaber:

n
e eremamene., (1)
1=000...01 (goamrusmOe IHCIO)

1=000...01 (mosurmsmoe wmciao)
2=(—i)1...11101100 (seratusmoe ancao) >’

n

Key: (1) a positive number. (2) a negative nusber,

Similar to binary arithmetic with basis/base p=-1+¢i in the case
in question for sxacuting the operation of addition besides the
formal addition of deductions taking into acccunt transfers froa the
low-order digits into the senior are also necessary further

procedures on the davelopment /detection of zero cycles.

Page 108,

Siaplast of the zero cycles they are

—1=(—i) 11... 1101 f=(—i) 11... 1011
+ +
1= 0 00...0001  —{me(—i)11...1111

0= 0 00..,0000 0=10 00...0000
—l—i=—(i) 11...1120
+

i=(=i) 11,..1011
1= 0 00...0001

0=~ 0 00...0000
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The complizated character of the formation of transfers
significantly d3stroys the possibility of the circuit realization of

the algorithms 5f binary arithmetic with basis/base p=1-i.
§ S. pPositional nuamsration system with basis/base p=1¢2i.

M2dulus/modula p=1+42i (Fig. 33) is remarkable fact that the
different from zero elements/cells p.s.a.N.v. on med (1+2i) are tha
dividers/denominators of unity in ring ts.k.ch.:

<o Toq=10, 1,4, ~1, —1}
and, therefore, multiplicative cverflow on modulus/module p=1+21i is
always equal to zero, i.e., #( 53¢ G2)=0 for any deductions ¢,,

2e< |\ -

&enentacy operaticns on mod (1+2i) are implement2d in

accordance with the tables of modular addition, additive overflow and

modular multiplication.

(// TaGaEEs MOXYALNOTO CIROXENNS (b’ ’l'lu'.; SAAETEENOTO DEPEUOANSTNS

+]lo 1 ¢ -1 —i sH+) 0 1 0 -1 —i
0 0 1 i =1 i 0 0 0 o 0 0
1 1 i —i 0 -1 1 0 —i 1 0 —i

i i —i -1 1 0 i 0 11 i 0
-1 {—1 0 1 =i i -1 0 0 i -1
-0 =i -1 0 i 1 —i 0 —i 0 -1 -1 \

Key: (1). Table of modular addition. (2). Table of additive overflow.
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A
N

FPig. 33. P.s.a.n.v. on mod(1+2i).

Page 109.

Modulus/mdiule p=1+2i is the sinimum odd modulus/module, which
satisfies the criteria of the thecrea of Gauss (3.2.5) about the
isomorphise of composite deductions to real deductioans. Diafantov
equation, utilized for the search for the real deduction, to wvhich is
mapped the imaginary unit with the mentionad above isomorphisns, takes
the form

A2 =1
Its particular so2lution is pair Ax=-1, u=1. Therefore the unknown
value p is squal to
p=|2—p| =2
Hence the iscmorphism between the compisite deduactions and the real
deductions is assigned by the table

a4dt | 0 1 i —i —1
il | 0 1 2 3 4
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Tabanna

Respectively the tables of addition and multiplication take the

PAGE

84

moayasmoro yumomensal/ )

0

1

i =1 —i

-1

—i

0
0
0
0
0

(1) . Tabl2 of modular multiplication.

form:
rd
“) Taauna MOAYIANOTO CIOMOWNT (&/ TabauNa MOXYABEOrO yMHOXCHES
+] 0o 1 2 3 4 xlo 1 2 3 4
000 01 02 03 04 010 0 0 o O
1]00 38 13 31 00 10 1 2 3 4
20 13 14 00 21 210 2 4 1 3
3 /08 3¢ 00 41 42 3]0 3 1 4 2
4 |04 00 21 42 23 40 ¢ 3 2 1
Key: (1). Table of modular addition. (2). Table of modular

multiplication,

Observation. The first digit of ths element/cell of the table of

addition indicates the value of overflow,
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For the rsprasentaticn of ts.k.ch. a+bi into the positionmal coie
vith basis/base p=1=21i we will use, as usual, the algoritha of the
consecutive division. Por facilitating the calculation it is
conveniant to use the mentioned abkove isomorphism. Respectively

algorithma accepts the fcre:

1) we determine the deduction cf number a+bi on mod (1+2i). For
this parpose we coapute value
ro=1la,+bypls (@ap=a, by=0">)
and in value r, from the table we respectively restore composita

deduction §,4:

2) we form the difference
(@ +bol) — =180 +bo'1
and ve compute partial guctient a,+b,i from division of agthyi iato

p:

Gyt byt =Tl g beled

P - 5 ‘ [

Remainler /residue §, determines the low-order digit of the positional
code with basis/basa p=|+2i of nusber a+bi. Por obtaining the
following digit the described above computaticnal ptoéess is repeated

relative to number a ;+b,i and sc forth.




DOC = 81024007 pace |66

Example. Translate ts.k.ch, 6-16 i into the positional code

basis/base (1+2i). p=2.

artbui | lar+2bals % o'k ba /a2 5'k—2a'y
A—16i 6~2.18g=4¢ —1 7 16 —25 —30
—5— 6i —6—2: Bls=8 —i —5 —5 —1§ 5
-3+ g|—e+2-1g:4 -1 -2 1 0 5
i i [0+2- 1[5=2 i o0 0 0 0
Thus .
86—168i —=ip> + (1) p +(—Dp+ (=1
or

6 —16i =2p° —4p* +-3p + 4.

For the purpose of the opposite translation/conversion ina
certain cases it is convenient to use the diagras of Horner for

calculating the value of polynomial at the preset point.

Let be presat ts.k.ch. by the positional code
o R T
W¥e construct the sequence of the pusmbers

:up + Cl—l ={(n-1
-1 Pt = gn-2

.........

WP+ 9=¢g,=a-+bi

The orier of calculations along the diagram of Horner is usually
placed as follovs:
|t [ ‘a2 | v | ‘2 l “

|
P=1+42| ap | Paw— |-+ | pas | pe2 | e
l LLE ‘ In—2 | l 12 I L |

with
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Exampla.

T> rastore/reduce ts.k.ch,

PAGE !8’

on its positional code
P H—1PH—Dp+(—=1):

-1 | =i | -1

—2+i | —6—5¢ | 7—16i

The cperations of

traditional positional

Example 1.
—9—19i= 1
h 16—11i=1T 2
3
v
10
1 3
00
1 3
Key: (1)
F Example 2.
Key: (1) transfers.

transfers from step-by-step addition (2)

Since on basis/base p=1+21 in the class a.n.v.

—3+i | —5—6i | 6—16i- a+bi
addition and multiplication are iapleaentad

methods.

To fulfill the operation of the servica:

rd ()

HOepeHOCH OT IOPAIPAJIHOTO CyMMHPOBAHMA
< r>)
nepesccsl
1 2= +7—30i

transferse.

are absent the

by

aultiplicative overflovws, the operation of multiplication is reduced
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to the stroke/cycl2 of step~by-step multiplication, the appropriatae

shift/shear of tha obtained prcducts with the subsequent addition,

Page 112,
Bxample.-ra compu*e product ts.v.ch, - 1+4i and -4-i:
—1+4i =132
Te—dq— =214 ‘
+ 4 23 nopa3pAaHOe MHOKeHHe Ha 4 L Y
132 nopaipAlHoe YMHOXeHMe Ha 1 co risudros
. 1243
41 TepeHocHl
. 0343 g (3/
1 fnepeHocht
1343 =
214 fIOpa3IPAIHOe YMHOMXKEHHe Ha 2 co casdrom
22243
3 4 nepeHoChl
0124 D
2 nepeHocs /
21243=8-15i

Kay: (1) step-by-step multiplication by 4. (2) step-by-step

multiplication by 1 with the shift/shear. (3) transfers.

Observation. Since the real and alleged parts of basis/base
p=14+421 are mutually simple, has the capability to shorten the
multiplication tables and addition and thereby it is essential to
facilitate the circuit realization of executing the operations. In
this casa, since different from zero deductions in mod(1+2i) are
exact four, tha spa2cial coding (introduced in chapter 3, § 5) of
deductions by means of the rank and the mantissas in this case leads
to the fact that all deductiouns will have one and the same mantissa,

i.e., for the code of deducticon it is possible to take its rank. Then




AD=A098 402 FOREIGN TECHNOLOGY DIV WRIGHT~PATTERSON AFB OH F/6 9/2
PRINCIPLES OF THE MACHINE ARITHMETIC OF COMPLEX NUMBERS,(U)
MAR 81 I Y AKUSHSKIY» V M AMERBAYEV, I T PAK

UNCLASSIFIED FTD-ID{RS)T-0240-81 NL




||||| 1C iz
= 2

T
l— n

22 s e

N
~N

il




pOC = 81024007 PAGE |ﬂ

sultiplication table is reduced to susmation ovar the modulus/smoduls
of four ranks of cofactors, and the addition cf deductions with the

overflovws -~ to tha table of the reccdings of deductioas.

Actually/really, let us code deductions as follows:

1 i -1 —i

0
ay | .
0 0 1 2 3

Key: (1). Code.
L2t us compars to each deduction its rank.

Then the oparation of the multiplication of deductions will be

isplemented in accordance vith the rules:

3

1 Dea=0 for any deduction a3 2) if a,, .,46) then 1.2, = | 3, +- 3, | .

The operation of addition can be reduced ta the operation of
aultiplication and the recoding
1,82+ 2(0z |ag—1 |

Page 113.

Here operation © ansvers sodular summation over mod (1+2i).

Punction oe+a-=<d+a=- ['; 4—6-p' is realizel by recoding, according to
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the table of its values

e |
0

[~ o
(-]
P
(]
(-]

In the table the first (eaphasized) digit of a two-place numbar

indicates the value of overflow,

§ 6. Positional numeration systess of coaplex numbers with

bases/bases p=+¢+2 and p=-2,

Ruseration system with basis/base p=2. Since for any ts.k.ch.
a+bi is correct
a+be=([F]+e[F]e+Cala+tib1a1a @)
then p.s.v., on 30d 2 it is formed by thas sat of the numbers
<ol ={0,1,81412). (6.2)
It is obvious, the translation/conversion of number a*bi into the
positional code on mod 2 is equivalent to the independent

translation/conversion into the bimary code of the real and allaged

parts:
¢+bt—2l,2‘+t2 0, 2* 6.3
| T~} =0
or
max(n, m)
G4 bi == z (s, 4 10) 28,

=]
Thus, positional coding ts.k.ch. on basis/base 2

a4+ b= 2 w2 (6.4)
=1
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vhere
we< |2
it is aguivalent to the representation of real and alleged parts

ts.k.ch. by tha binary code.
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In both cases the range of tha numbers, represented by cods

(6.3) and code (6,4), 18 determined by the inequality

0<a<?2
0<H <2
Pros the positions of machine aritheetic (6.3) and (6.4) cannot be

identified. Nevertheless, is used belov positional representation of
ts.k.ch., in the form (6.4), vhere the composite digits are coded as

follous:
s+8|_ 0 1 . (6.5)

] 0 0 10 1

This approach makes it possible, at lsast, to obtain the nev
algoritha of asultiplication ts.k.ch. against the traditional
multiplication 5f real and alleged parts vith their subsequent

addition and subtraction.

Sign fora of the representation of ts.k.ch. In the prianciple are

possible two versions of sign representation ts.k.ch.:

1) aedi,

i o o J
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vhere
—2"<a 2",
(6.6)
—-2"<b< 2,

vhere 2 a+bdi=t*(a"+b'1),
0<ag<3,
0<a' <27

cs 0 <28,
L2t us pause at first at the first versicn. Let us show that the

diagram of corsacutive indexing into modulus/sodule 2 according to
formula (4.1) of arbitrary ts.k.ch. froama tha square

—_gn+l <a< 2l+l’ —_ 2+l 4 X ad

leads to the analysis of the modified two's cosplement.,
Page 115,
This follows of two facts:

1) a numbsr - 1 is modular with respect to p.s.v. (6.2) on nmod
2, i.e., |
(=D=(=12+1
2) for any as+hi e<.[»+2 1S correct
Ka+bi| a1 pram <a+8 |0+
vherse L2 L1 2748, (6.7)

‘:.. cu#le < l:-
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The represantation of range <a-bi| ;»+z onto range <<a-bi| 2

in accordance vith formula (6.7) it is depicted on the diagrams (Pig.
34, 35).

Squares 0, S5, 10, 1S in fiqure 38 represent p.s.a.n.v. on aod
2+, the others - zone of shaping of additive overflow. Ariguro 35
gives the forms of the sguares, to wvhich are mapped the squares

PeS.¥. <a-+bt| »+2 in accordance vith formula (6.7).

Thus, taking into account coding (6.5 deductions p.s.v. (6.2),
ve consist that the algorithm of consecutive indexing into 2 mutually
upaabiguously compares arbitrary ts.k.ch. a+bi from the square

—2M1LaK, =TI H L 2
the binary coda with a length of 2:»+d yhich represents certain point

of square < a-+bt| e
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Fi. 34. Frq. 35-

FPig. 34. Range <a+ d| ja+2

Pig. 35. Range <a+ bl jas2.
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Lat us agrae the nusbering of the 1igits to produce towvard ths i
increase of the weights of digits; entire the binary wvord to
divile/mark off 2n (n+1) the pairs of the bits, in each of which to ]
distinguish digits with the even and odl number (low-order digit has

a number 0). Than tvo pairs of the high~order digits are sign, that

remained ~ digits of valency.

Let us giva the table of sign situations. Let us preliainarily
note that symbols sign (Re) and sign (Ia) designate the sign of the
real aad alleged parts of the cosglex number, and ¢(Re) and ¢ (Ia) -

overflowv attributes on the real and alleged syllables, moreover {f
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#=¢1, then overflov to the positive sids, and if ¢=-1, then overflov

to the negative side.

W2 see that the modified two's complement for ts.k.ch. can be
obtained by the translaticn/conversion of real and allaged syllables
independently into the mcdified tvo's binary coaplement, the modified
code of alleged syllable cccufpying digits with the odd numbers of the

binary code of a complex number, and molified -~ digits with the even

ones.

As is known, for the operation of addition in the binacy
acithastic sost convenient is the modified tvo's coapleaent. Hovever,
it is inconveniant for executing the operation of the amultiplicatisn
vhere the largs convenience possesses the true representation.

Analogous circumstance occurs alsc in the composite case.
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Table of sign situations.

Sign(Re) Sign(Im) #(Re) (Im) | Sign(Re) Sign(lm) (Re) (Im)
0000  + + 0 0 jon0 — +  —=1 41
o101 4+ - 0 0 {01 ~ + 0 41
1010 — + 0 0 |1000 + - 0 -1
uir - - (1] 0 |01 + - 41 -1
0001 + + +1 0 | 1011 + - +1 0
w10  +  + 0 +1 1m0 — - < -1
o011  + + +1 +1 jun - - o -1
0100 — + -1 0 {1110 — - -1 0

Page 117,

L2t us coasidesr the second version of sign representation of the

number:
1+ at+be<-|],,, then

a-+bt=1t*(a’ + b1),

vhers a=0, 1, 2, 3 and 0ga‘, b’ <2". In that case, by analogy with
binary arithsetic, ve will indicate that the inforaation about the
sign (i.e. value a) and the binary code of nusher a'and b'i form in

the set the true representation ts.k.ch. a+bi.

The conversion of the true representation ianto that modified is

realized on the basis of the relaticnships/ratios

(@ + bi)i = —b -+ ai, /
(@ + bt)i3 = — g — bi,
(a-+b)id= b—al.
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L3t number a+¢bi be is preset by ths true representation
n n—~—1 1 0

o — e, e, e,
a+bi=t,1, tm t2a—1, E25-2..., L, €2 &, %.
Then
vith E3441 =0, 82y =0

the initial trus represqpntation coincides with that modified:;

vith Cans1 =0, tgy =1

the nodifisd code takes the fora

a +bi =o| 1. 823-2, :u—h €2p—4» :bl—h* ooy S3y 83, lo. €4
where the code

1, tae—1 San—ty..., &y, &,

obtainad by the ordinary sodification of the binary code (real

numsber),

1, Sguty S2a—ty.ccer By 8y

with Sgpyy == 1, sgp == 0

the sodified cole takes the fors

at+dm=l, 1, -‘-n-h -'-l.-—b---' 8y 83: 844 8o

B e e — et ot e e o e
g __— L PR

e g o et
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vhere

1, epe i, C24-3r... &,

1- -;u—:' :’.—00 veey '0
the coles, cobtained by the ordinary modification of the binary codss

1' Sam—1s €2m—3y ooy '1'

1, €252, 220ds.. . &o;

with Eaper1 =1 8342=1

the nodified code takes the fors

a+bl=1 0, 2 C2n1 €202 S2n8r.- -, ::)- gy,
vhere
1, Sz, S20-2, .., &

the cols, obtaiied by the ordinary modification of the binary code

1v €2ny C20—20. -4y &oo

Page 118,

On the connectisn of the sodified code with the reverse ve hers stop

will not be.

Passing t> the operation of addition, let us note that the
coding of ts.k.ch. in the form (6.4) introduces nothing nev in the

operation addition against the fact that we have with the coding of

{
f
:
i
!
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ts.k.ch. in the fora (6.3).

Operations of multiplication. It is assused that for the

multiplication is used the true representation of ts.k.ch.

Multiplication table taking into account overflow takes the fora

X 0 1 i 1+t

0 0 0 0 0

1 0 1 i 1+i

i 0 i -1 (=12 +(1+4i)
1+ 0 141 (—124Q1+)) 240

Proa the table it follows that the amultigplicative possible

overflow of two types: i and of -1.

Since the binary code of nuamter ; takes form 10, overflow !
appears in the odd bit of the binary cole ts.k.ch. and the
corresponding transfer extends similarly to ordinary binary addition,
affecting odd bits, On the other hand, since nuaber -1 - real and
modular (1.2, its binary notation can be unliaitedly increased),
negative overflow can arise only in the even bit of the binary code,
and tha correspoanding transfer, exteanding, it affects only even bits,
moreover the chiracter of the effect of negative transfer is opposite
to the character of the effact c¢f pcsitive transfer. Actually/really,
let with the addition of two nuambers, preset Lty the binary code, in

the § bit arise tha positive transfer, thean 1) in the j bit is

established/installed value of 0, 2) if in j+1 bit it vas located 1,
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then as a result of the addition c¢f the transfar is
astablished /installad value of 0, and the appearing transfer it

affects the uext decade accordirg to the described principle;

if in j+1 bit it was located by 0, than as a result of the
addition of the transfer is aestablished/installed value 1 and further

transfer does not extend.
Page 119.

The effect of negative transfer is directly opposite: let in the

j bit arise ths negative transfer, then
1) in tha j bit is established/installed value 1,

2) 1f in j+1- bit it was located 1, then as a result of the
addition of tha transfer is established/installasd value of 0 and

further traansfer it does not extend:

but if in je1 bit it vas lccated by 0, then as a result of tha
addition of the transfer is established/installed value 1!, but
emergent negative transfer (-1) affects the next decade according to

the described principle.
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Baforas formulating the algorithe of amultiplication as a whole,

let us note the validity of the fclloving sentence:

if ts.k.ch., a+bi (230, b30), represanted by the binary code, is
multiplied by deduction z3€<-|;, registared by the binary code, then

the obtained as a result binary notation of product {s the modified

code of product. ;

The validity of assertion follows from the fact that as a result
of the aultiplication of positicnal ¢ods (6.8) by the deduction £ ve ’
will obtain in accordance with the described above rule the | 'n
positional code of form (6.4), in this case the emergent negative

transfar can provas to be more significaant digit. h

Observation. The appearing negative transfer can prove to be
only in odd sign position of a nusber. In esven sign position will be -
alvays located 1igit 0, since positive transfer cannot change sign :
situation. The latter also follcws from the fact that with a, b>0:

ITa((a+b0);,)>0. $
Prom the fact that in evea sign position of product alvays sust be
located digit 0, it follows that the length of the code of product
(aﬁ-w)iae:i-l;) vithout sign positions is determined by the

sign/criterion in which the o0dd bit of senior pair aust be equal to

1.
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Multiplication table on mod 2 with the overflovs.

Exanmples.

(T48i) X imm—5+Tie=
=0(—1), 101111
110 11
X 10
1110 11 (1)
'—&-—1 nepemoc
-1 nepexoc
o—1) 101111
_’_)_ (2
“——3BaKOBHE DRIDARM

x [ o0 o1 10 u
0 | o0 00 00 00
01 | 00 001 10 11
10 | 00 10 0101 O—1)11
1! u &=Dhu 1000

(T48i) QI-+1)=2+121=
=10 10 01 00
110111
X 11

W
110 gepenoc @
1— uepenoc
00, 10 10 01 00
+ &

LallMIHG paspansl

o eer ol -

Key: (1) transfar. (2) sign positicns.

On the basis of that presented it iloes nc¢t comprise the worck to
describe general/common/total multiplying circuit ts.k.ch., praset by

the positional -ode on mod 2.

Exaapls. T> find product (7#5i)e(2+431)=-1+314.

120111
X 71110

0(—1)1011 11
10 10 0100

o-1)11 11 111
-1 +31-0_1 1111111111

Positional numeration system with basis/tase p=-2, As the basis

of the translation/conversion of ts.k.ch. into the positional cods on
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sodulus/aocdule p=-2 serves the formula
s+d=([F]+[F]) Catatatrivi ©8)
and, therefore, the digits of the positional code are deterained by
the elenents/calls of p.s.v.
e =10, L1, 141,

The deductions indicated we will code in accordance vith'Tible,(s.S).

Page 121.

Example. Ralying on foraula (6.8) and using a diagras of

consecutive indexing, tc translate ts.k.ch. 3¢7i into the positional

code:
a b s
!

3 7 11
-1 -3 | 11
+1| +2 01

0| —1 10

0 1 10

0] o0
3-+-7i=1010011111

The advantags of numeration systea with basis/base p=~2 in the
comparison uith the systea with basis/base p=+2 lies in the fact that
for basis/base p=-2 nuaber -1 is nct smodular:

—1=1(-2)+1,
thanks to vhich, sign situations directly ™inscribe™ in the digits of
the positional code of a nusber apnd dc not require in connection with

this aiditional procedures.

P U U S
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Deficiency/lack is the fact that rango.<°l-4ﬂﬂ of numbers of the

fora R
G+“=E W=2 Le< T,
h==0

is not symsmetrical to the origin c¢f coordinates (Pig. 36, 37), more

exact it is detarained by the systeam of the inequalities: vith n the

aven
n/e—1 . n2
- B-1a, b (— 2%,
vith n odd
(i) +1 n/2

- 2 2-1< g, b< 2 (—2)%,
) =0




PR R

[ VR R |
-

- - - -

-9

&

FTS.3U- FT,,S?

Pig. 36. Range < !|_gm-1. —@2~
+8) < a, b< 4+18.

rig. 37, Range -|_2-1.—@2 -
+8)<a, d<1lrd
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Ace given balov the tables of addition and sultiplication of
deductions on ad3d (-2) taking intc account overflow. Deductions are

coded, according to‘T;ble (6.9):
oo b Lt 1+
Codej 0 |1 |2 |3
In order not to confuse sysbels 2; 3 as the code desigunations of

values 1, 1¢i vith numerical values 2; 3, ve will vrite/record the

latter in the parenthesis.

Ve have:

@) =1:p* +-1p=110  (—1)=l1-p+1=11
(2) == 2. p* +2p = 220 (2)+t=1- p*+1p+2=112
@)+ (A)=3-p2 +3p =330  —l4iml-pi3=13, .
D+ @) =2-p +2p+1=20 N

-y -
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\') Tobamma caomesna (# Tabzmma yusomenna

+ {0 1 2 3 xto ¢ 2 8
¢ to0o 1 2 3 e |0 o o0 o
1 1 e 3 1 1 (o 1 2 8
1 |32 3 20 ¥ g2 jo 2 U 1
2 (s om & W s o 2 B 2

Key: (V). Table of addition. (2). Multiplication table.

Obsecvatica. The eaphasized digits in the tables are the values

of overflow,

Ina the binary notaticn these overflows take the fora:

AlrutTusase nepe- Myasranamzarnsxuie

(1) DOANENNR / DePenOANENRA
11 = 0101 1 =01
22 = 1010 22 = 1010
33 =111

Key: (1). Additive overflcvs. (2). Nultiplicative overflows,.

The chart technology part of the realization of additive
overflow in the binary version can the even and o0dd bits is uaifors;
the nature of sultiplicative overflov on the even and odd bases/bases

is different.

o -

. - -
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Page 123,
The given tables sake it possible by the ordinary sethoéds >¢
positional arithsetic to construct the algorithas of additicn and

sultiplication. b

Lat us note that in the case of the quaternary coding of

deductions on 85d (-2) useful are vith the execution of addition the
follovwing zero cyclas:

—1=11 —im22 —1—i=33 3 33

+
+l=l  ri=2 _1-i=8 2 1
0=00 0=00 0 =00 1u 2

Exanples. To sum the numbers:

- R »
5+100 =223 (21 1 6--28=2213012
9 + -3310302

s+-y-11L£o 52-”‘fi ¥ ‘

110 33 " |

333 1 11 '_&2 [ nepesoc ;!

i2 2 1T nepemoc 3

2 2 111 nepenoc r

30 01130

Key: (1) traasfer.

T> aultiply the nunsbers:
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x5+10x-2 2321
8+ 2w11220
181290 €4
gepencen

s
L

220212820

Key: (1) transfars.
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Page 124,

Chapter S.

NONPOSITIONAL NUMERATION SYSTEMS WITH THE COMPOSITE BASES/BASES.

$§ 1. Essence of the nonpositior2l numeration systeas.

The nonpositional numeration systess arose in coanection vith f
the developsent of the sethods of the deparallelization of operations I
at the level of aritheetic operaticns. Por such systeas are ‘
characteristic aany bases/bases. Code words are divided/marked >ff

into the independent cosponents on all bhases/btases. The process of

the transforsation of inforsaticn is decosposed/e xpanded into the
stages of maxisum length, for each of vhich processing code words is l
reduced to the independent processing of all comsponents. Each such i
stage of the trapsformation of information ve will call modulac, aand !
the stages of traansformation of inforsation, on vhich appears the ‘

need for analyzing one or the other set of the coaponents of code

vords, by nonmodule.
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It is logical that the tendency to reduce the numbar of
nonsoduls /monnsondulus stages thereby to increase the depth of
deparallelization leads tc an increase in the equipaent. The

compromise solution of these contradictory tendeacies depends on aany

factors, most iaportant of which they are:

a) the field of the tasks for solving which are intended the

projected/designed computational means;
b) element basis;
c) the technical and economic indices of computational means.

At the present time wide reputation obtained the nonpositional

nuaeration systes in residual classes (1!, 2, W, 12, 13, 18, 15).

In this chapter is stated certain devalopmant of the theory of

the nonpositional numeration systeas in tha residual classes wuith the

composite basaes/bases, initiated in sonograph (1].

The idea of the nonpositional numeration systeam in the residual

classes rests on the remainder theorea (theores 3.3.3).

Page 125,
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Let P, = p\p2...DP,, where pu. pan.... Pn— pair-vise mutually sismple of
ts.kx.ch. Lat us introduce the designation
Pypu=p1D02... Pa—1Dat1... Dx

In accordance with theores 3.33 set ts.k.ch. of the forns

»

Y. B,,

: &
vhers "

B‘= <Pbu ! I.'Pkm (L.1)

and °, passes values p.S.v. onmod Py (k=1, 24e,n),are formed p.s.v. 3,

on composite/compound modulus/scdule P,

The set of nuabers {B,}] is called the orthogonal base of the |
nonpositional numeration systes. Any ts.k.ch. z€:, is uniquely |
detarmined by the set of its deductions on nmoduli/modalas 2, Pun-... Px

2451 “2peeny o) |

This the vector recording of nuaber z deteraines the so-called
nonpositional zoda of numbter z. It is assumed that the sequence of
bases/bases is regulated socaehow, in that case of k-th of the

coamponsnt of this recording is called k-th the bit of the

noppositicnal code.

For any ts.k.ch. 2z, 386<-|p =3, are valid the

relationships/ratios




A
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|
<atuln=Fcwi®), s,
| =3
(1.2)

L]
<2023 | p, = E< alival 2B

vhersa

Page 126.

In other words, th2 modular operations above the elaments/calls

|
P+S.¥. 8, oOn composite/coapound scdulus/moduls P, are realizsd by T;
means of the parallel and independent execution of the correspondiag f
sodular operations on the deducticns of opsrands z, and z, on |

bases/bases P.DPv-.., Py
<42l p=(<W4+P |, <P+ 5,...

esey <c(”1)+c(n2) l ’.)'
<3zl p=(<E L, <G 5.

ceer <ESD L),

Lat nov ;’ — apy other p.s.v. on mod P.. Arbitrary ts.k.ch.

wes,” in a unique manner is represented in the foram

w=2z-rP,, (1.3)

vhere z€3,
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Proa the lattsr/last squality it £f>11lov¥s that
<w‘p‘=<2lp.=:.-
Taking into account equality (1.1), relationship/ratio (1.3) can be

presented in the form
»
w= N3By+r, P, (1.4)

Bo=l
Ejuality (1.4) determines the nonpositioml representation of
elesant /cell wes, ts.k.che P, pPn..., P they are called the

bases/bases of this representation.

Value 7, we will call the rank of element/cell we€s,/'. It is claar
that rank r, depends on the methcd of assignsent of p.s.v. 3. With
that fixed/recorded p.s.v. %' rank 7, is the function of nuaber v.
The value of rank it is possible tc affact by soma3 modifications of

nonpositional representation cf nushers.

Thus, in particular, let us note that together with
representation (1.8) it is possible to use also the following
representation. Noting that

B.-_" <P:: | p.'Phn

let us isclate "vhole part"” of the division of the product

Ch'<P:: ! Py

on p,.

Page 127,
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We will obtain

Ct' < P;: ! np= Ban % Pas (1.5)

vhere -
ﬂ.,—-— <C.'< P.u ’ P, l oy (1.6)

Substituting (1.5) and (1.4), we will obtain

w= ?_‘,1 8% Pin + Vo P 1.7)
whers -
Vo =Ty~ Ex.. (1.8)
| )

Formula (1.7), in contrast to (1l.4), ve will call the
standardized/normalized ncnpositicnal representation ts.k.ch. W€,
value 3m — by the standardized/ncrmalized deductions, and »w— by

norsalized rank.

It must be noted that the tables of the modular multiplication
of the standardized/normsalized deductions on mod P, require certain

transformation.

Actually/raally, the direct socdular multiplication of two
normalized deductions gives
2

<EBR U= <P, e

Consaquently, in order that the output/yield of table would be

obtained the standardized/normalized deduction, the modular product




a
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0f tvo normalizad jeductions sust be it amaust noraalized, i.e., to

aultiply to value <Py !, Thus, the elements/cells of the table of

modular multiplication must be determinad in accordance with the rule

K Puul gy BmBin | 5,
The tables of modular additicn are not subject to similar
changes, since
BB L ay= <O <P i o
Page 128,
Lat us designate through 2= p.s.v. on ccmposite/compound
modulus/module P. that deteramined by numbers of fora
n
E Sil.Plno
o=y
vhere each 3, passes value of p.s.v. on mod p, respectively. It is
obvious that, by force (1.3), p.S.v. 9 and 2, are the unique
reprasantatives of the sets ts.k.ch., wvhich have unrankegd,
noppositional representation cf the form (1.4) and (1.7). Forpiia

(1.8) expresses a change in the rank upon traasfer from p.s.v. 3,

PeS.V. Ja Let us give some illustrative exasples.

L3t us salact as the bases/bases p. k.ch., p,=~-1+i, p,=1+24,

p3=3+¢2i, then Py=(-1+¢1) (142i) (342i)=-7-9i. As p.s.v. let us select

PeSed.N.V;
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<+ :1+g={o' 1}; <e| 1—4.3":[0. 1, —1, , —'”;

<o lagp=10,1,2 —21, —141,14, 141, —1—1,
-4, 112, —2, —1}).
Let us determina
KPuliy=<—148|7,. =1
<P23l;—2i=<_5+tl:—2t=t’

<P33|;+2,=<—3—ll;,,=i,

-1y — 1
<Pl = <—__1+81 =1

—l - 1 -
< Py ‘1+z:=<’_T.ﬁ'|uzx=—’-

1y - 1 -
< Py |s+zt=<_3._.- |!+2t=-t'

By=< P | ;-Py=—1+8,

1

» - ™ [ o ] . -
g = L gy |p'-r33=1-‘.-0l,

Bs=<P3—31i;,Paa=—1+3i-
Purther let us make table of the equivalency of deductions and

standardized/normalized deducticns cn moduli/sodules p,, p2 and pj,

for which is used formula (1.6).
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C/) Ran mod(~1+i)
=<4 W1=<te <PRY_1.s |oas
0
1 1

@ Han mod(1+2i)

K=< [142if02= <k < Pz—alfnulﬁ-zt

0 0
1 —i
i +1
-—i -1
-l i

@ Odax mod(342i)

=< e 2i|Ie= <% < P3_8113:2(|!—+25
0 0 ‘
; -l
-2i :§i
—141 146
i 1
1+: 1~i
1—i --1——1‘
2i 2
-2 2i
-1 i
—l—i ~1+ [

Key: (1). PFor,

Let us make table of modular sultiplication of the

standardized/normalized deductions in accordance with rule

- Al A2y
<<Pk8 l ’*'?‘u'.an ‘ Py
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(1) S wodi—1+3), O Fan wnll+2, <Py 15~
<Py | y=1 .

T Nﬂo -1 —1' :
bre \°\‘

R3
0 0 0 0 0
0 I 0 l 0 —i 0 —_i 1, —1 i
1 0 1 1 0 1 i | ~i | =1
-1 0 -1 -—i i 1 ﬁ
-—i 0 i f =1 1] —i

Key: (1). PFor. '




PAGE g,\q

poC = 81024008

Page 130. C[) Ans mod(3+8i) <Py | —p, =i

G ool [ | o =] e [ ] = o] =

Pu ,
0 0 0 0 0 0 0 0 o 0 0 0 0 ()}
-1~ 0 2 1= =1 i —at 1 2 —i 141 —=1+i 32 -1
1 [ I T t 1 2 1+4i F IS T R ¥} -1 - =1+ =2
-t 0 —1—i 1 —i 2 1= 2 —14+i =2 i -1 1+i 2
2 0 | b -t ==t -1 ~1+¢ 1 14 -2 =2 —i 1—¢
1— 0 —2 1+t 2 -1 2 i =2 1 —1+i —~1-i A -
'’ 0o 1 2 1= =i+ i 1=t - 1— 2 =2 1 =1
-1+ 0 2 —1-=i =2 ' 1 -2 —i 2 1 1—f  14¢ -3 {
—2 0 —i - T4t 14 1 1=t -1 -1+t 2 2 1 =1+t
t 0 1+t -1 -2 2 —14+i A 1—i 2 —i 1 —d—t -2
-1 0 —1+! - t -3 —-1—i -2 144 2 1 i 1=t 2
1+41 0 2 -1+t —1 -t ] 1 -2 i —1—i 1= -2 1
u 0 —t -2 1-+¢ B N e A —14+i =2 2 1 1—i

Key: (1). Por.
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Exaaple 1. Let us present ts.k.ch. ~-1+¢74{ and ~2-5i in the

ponpositional code. Their a.n.v. modulo -1+¢i, 1+¢2i, and 3¢2i will be:

[ —_—

R G —

K ~=14T Ty =0, < =1+Ti| gy =—1f <—=14TH| g = =i,
<=2—=581) [y =1, <—2=B8i| T p=—i <~2=8i| 7 =—1.
therefore
=1+ 7 =08+ B+ {1 By 4 Py =0(—1 2 8) +
4 (=D +8)+ (=D (=1 +8) +(~=1)(~7—9)
—2 =5 =B + 8B + B 4y Py =1(~—1 ~ 84

+(=1Q+6i)+ (@) (—1+3i)+(—=1) (=7 —8).
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Example 2. Por the standardized/norsalized nonpositional

representation ieductions &' according to the table of equivalancy

ve convert into standardized/normalized deductions p). Por ts.k.ch.

-1+74:
0~0
—_i~ =1
for ts.k.ch., =-2-51i:
1~1
- ~=1
-1~

Therefsre standardized/normalized nonpositional representation takss

the fora
~1 4+ =3Py + 8P+ 83 Py + 7, Py 0 (—1 - 8i) +
=D (=8+D+ (=D (=8=D+ (=D (—T—%k
—3 =i NP+ 8D Py + 9D Py + 1 Py = 11(—1 +8i) +
F =D (=B +D + () (=8~ +1(~T—00)
Page 132,

Exaaple 3. Let us find the sum of the numbers -1¢7i and -2-54,

preset in the nonpositional code:

p—— - ———
ey .
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+
—-2=68i+Q1, —i, —=1)

=3+ U+ (KOFLI T < =i+ (=DIf, g <—i+ (=15,
or
—3 +2+(,1,—1=i).
Exampls 4, Lot us find the product of the nuabers 1+1 and 1e+4i,

preset in the standardized/norsalized deductions:

14i+0, —1,1-10),
1+4+Q,4 —1)

Por obtaining tha product wve will use the table of modular
multiplication in the standardized/normalized deductions
A+D-Q+4)+(<01] Ty <=1:i|T 0 <A=i) (=1 |52
AQ+D A+ )= —3+5i=(0,1, —1—=1).
and actually -3+¢51i has the nonpositional standardized/norsalizsd

represantation:
—8 +8i=0.Py+1.Py +(—1—i) Py + 1Py = 0-(—1 +8i) +
+1(=5+i)+(—=1=1) (~3—i)+0-P,.

§ 2. Selection >f the range of the nonpositiomal numeration systenm.

As the range of the nonpositional numeration systas with
composite bases/bﬁses D P»---» P is selsctad certain p.s.v. on
mod P,(P,=p,ps:...Ps)- Selection of p.S.v. -an be dictated by different
considerations. Thus, if we proceed from the requirement of unranked
nonpositional raprasentation of numbers, then as p.S.v. on mod P can

be chosen set Y, determined above.
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In this case overflcu for the range vith the addition ts.k.ch,,

belonging to range 3m is determined by the sum of the
overflows on each bit of the norpcsitional code of operands.

This range can be interesting for solving the questions of

detection and correction of errcrs during the transmission of planar
(complex-valued) information, and also with the solution of other
special problems of the theory cf ccmplax nuabacrs. Howaver, ducing
the construction of the arithmetic numeration systea with the range
of numbers of the menticned type significantly is coaplicated the
operation of multiplicaticn, in this case the geometric image of
range carries the specific character (strong vacuity), wvhich creates
restriction for daveloping the general-purpose arithametic numeration

systen.

Page 133.

Prom this point of view the most acceptabls selaction of range is
P.S.v. according to mod P,, described by the mixed positional

representation
Utup+epPit.o-+upr Pt

vhers variable/alternating ., pass value p.S.¥, on modp, (k=1, 2,

eeey D)o AS already it shcved, the geomstric image of such p.s.v.
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depends not only on the selection of bases/bases p.. p»..., Pse but also
on the method of assignment of p.s.v, vith respact to sodulus/aodale
P». Certain print to the algorithss of aritheetic operations in the
nonpositional numeration systeas, vhich ars based on sisilar raages
of numbers, suparisposes absence in thes in general the property of

the invariance (see Chapter 3, § 3).

In connection with this the ranges, deterained by the mixed
positional code, it is exgpedient to designate by symbol
vhers together with the ifndication of base(p, p: ..., P.).is indicated

also the order 5f their sequence.

Apparently, most convenient range for developiang the machine
arithastic of coaplex numbers, which has wide applied value, is
totality of ts.k.ch., included in the square whose sides are parallel
to the axes of the rectangular cocrdinate systea of the cosposite
plane z. Similar unique representatives of p.s.v. they are p.s.v. 20
the real nmoduli/soliules, Thus, as rice it vould be possible to select
the nuabers

Pr=2 Py=3, Pr=5, pi=T, py=11, py=13.
Howevecr, for bases/bases 7, 11, 13, ... the set of the
elements/cells, which correspond to p.s.v., is determined by quantity
49, 121, 169, «ee» A rapid increase in the number of deductions

substantially Llpddcs the tabular realization of modular operations.

Lz
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Thus, on msod 13 tables of modular crerations they will contain
169x169 elements/cells. If a simsilar asultiplication table is
shortened 16 times due to the special coding (Chapter 3, § &), then,
nsvertheless, the abbreviated/reducad table will remain sufficiantly
bulky. Departure from this positicn vwill give the selection of the
pair-vise conjugated/combined bases/bases. It is known that if
ts.k.ch, a+bi satisfies conditicen (a, b)=1, then numbers a+bi and

a-bi are mutually siaple.

Taking int> account this otservation it is possible to select
the pair-vise conjugated/combined bases/bases so as not to break the
basic requireasnt, presented to the basis of thes nonpositional
nuaeration systaa in the residual classes, namely: pairvise autual

sisplicity of bases/bases.
Page 134,

This requirement, as is known, ensures the unique reprasentation of
deduction accoriing to the comsposite/coapound sodulus/mocdule with the
set of remaindecs/residues (deductions) on the pair~wvise nutually
sisple moduli/modules vhcse product is squal to the preset

cosposite/cospound modulus/module.

A similar typs as bases/bases can serve, for exasple, numbers
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2’-31. 1"“]‘-. J’-ui. 2’-51' 1’-611 u*-Si, o ee and SO fbtth.

§ 3. Nonpositional numeration system vwith the pair~-wise

conjugatsd/combined bases/bases.

Lat be praset the pair-wvise mutually simple bases/bases
Py, Py Py P3i Ps, Pai--+i Par Par @3.1)
Lat us introduce designations for the noras of the bases/bases:
G=101=psPs,
Qu=0:'03...qs
Range as p.S.v. on mod Q,, that determinad by tha mixed positional

represantation, can be preset douhbly.

Pirst method. Range oI =(p, p;P;3Ps...PaPs

weao,,
if
w="5 + P+ P Py + Mg+ Py PrePrt ...+
+E-'P1';1---Pn—l’;u—l+71.’P1‘;x~--P-—1°;l—i‘Pn=
n »
=T aa. et U 01t Pa
=i bl
vhers a,e<.1,t.. m8<-|;—. A<k<n)

(hers and belov symbol <-I:. it means that it is inteaded p.s.n.v.

OC pP.S.8.M.V.).
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Sacond method. Range X =(¢1°92..-Qa)-

lsxt.p
if
==¢;+:qu+¢aqxqz+--.+i.qxqa-.-q.—x. (3.2)
vhera . -
w6 |7 (1<k<n) (3.3)
Page 135,

Theoram 3.3.4 makes it possihle to establish/install the

connection betwsen these two ranges. Acsording to the mentioned

theorea,
=L+ Pr+
vhere 5.e<.|fk,me<.|';.,
=0
| 4 3 .
u l“ 11
Consequently,
L] [} n
2= E:NI:---Qh—1=2 Ea‘h-'-Qk-1+E’ih41---‘1h-1Pt+
A-1 ™% f %8
+Y et an
gl
i.e.

L]
z2=w+ Z‘n%---‘h-

k]

rroa the same thsores it follows that rangs 3, is not invariant to
the transfer of bases/bases, the set of points having sufficiently

cosplex geoaetric configuration.

i
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Theores 3.1. Range Sz =(¢:°¢:-..q.) is invariant to the arbitrary
transfer of any pairs of the compcsitely conjugated/cosbined

basas/bases, i.e.
(@0193.-- @) = (G, Q1. - Q)

In this case th2 set of points Ia is represented as square p.S.v.

<-lg:
Page 136,

Proof. So that {,=3x,+1y,e<- If‘. is necessary and it is
sufficient so that vould be satisfied the condition
Zn i |- lg,
then for any ts.k.ch. 2e¢3;:

‘» a
3=t =P g s = Iaq... g+
. ol hesl

»
+lz Yadr - Qa1
is carried out —
u, ve | | Qtu.

Conssquently, sat S is descrited respactively by square p.S.a.n.v.

Of pP.S.0D.v. on real modulus/module Q,.

Invariancs Y1 follows from the fact that for the arbitrary
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transfer of basas/bases g, ¢,..., @i, are valid inequality

0 FY -
Q. *;zxuﬁxu-q"-—1<
— 3 b=

o O wlf O

0 n
{ Qn <2 yileu...qu.l<J
T k= [

whers =x,, y,C | .| «i'

Laet us shov ths validity of these inequalities in the case of

PeSeNavV,

Since
0<x < qiay

" A
that O\<‘21xlkq‘l-t-qlb—l‘<2(ql‘—l)qil...qik=
- w1

n
=2 911---(111.—2 QiieoeQa1=Q, — 1,
demrl

Por tha case of p.s.a.n.v. the validity of inequalities is checked

analogously.
The invariance of range acquires imsportant value for the machine
arithmetic in connection with the following property of such systeas

of numbers.

Lat us intcoduce the designations:
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e I= [ 1, 3¢ cee, B} - the set of indices vith the preset
sequsnce of basas/bases ¢, ¢s,..., @i I'={l},1s..., f.} — certain arbitrary

transfer of elsaents of set I,

Page 137,

2 J={inJz...,ir} — certain subset of sst 1L

3. () — pe.S.v. on mod Q. where Qs=¢,¢,...9;, deternined by set

of naabers _
R RIN TR N TR T O JS I TR /TP

-

:;.8 < e | ’-j.‘

Theorem 3.2. P.S.v. (@), is invariant to the transfer of basas,

it possesses tha following property:

any ts.k.ch. z€(Qrn) is unanmbiguously represented in the focra

=1 4-0Qu, (3.4)

UhOL‘a ue(QJ)’ UQ(QI—-J)O (J(I)

and, conversely, any ts.k.ch, z, represanted in the fora

1/ + UQJ,
vhera ue(Q,), ve(Qr-s),
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it beslongs to sat (Q:).
Proof. Lat v=1{Jy Ja---s i.el and I'=1{j, Ja.eees Jn Ry, kayoooy Baml

since (Q)=(Qr),” that for any ts.k.ch.z 2€(Q:) ve have
2=ttt e G QG e Qa .
Ty Th by e Tk ) =+ 0Qy,
vhere, according t> the determination
=S40 a e 0,0 i, €(Q0), 3.5
v-cl-.+c0|1h+-~-+cl~_.Qh.--‘QI._._;G(QI-J)- (3.6
of unigueness of this representaticn follows froa the uniqueness of

the aixad positional representaticn of nunmbers

conversely, z=u +vQ,s, vhere u€(Q,). v E€(Q:-s) In accordance vith
the deteraination p.s.v. ¢f fors (Q,) ts.k.ch. it is unambiguously
represented by relationships/ratics of typ2 (3.5) and (3.6).

Consequently, L
28(Qr)-

Page 138,

But according to condition (Qr)=(Q;), therefors

2¢(Q1)-
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Corollary t. let it e in the fora (3.4) ts.k.ch. it is fixed
and
<u‘)l.-alg (j.eJ),
v passes the value of range (Ir-;)- then as a result fora (3.8)

describes the sat ts.k.ch. of range (@), of those united under the

sign/criterion:

these deductions of ts.k.ch. on each basis/base p, (J,€J) ars

equal to each other and are detersined by valus 3j:

Corollary 2. If 26(Q) and 3=7QJs then 7z€(Q,). and,

convarsaly, if Y
Ze (Q;).\ﬁa:-; eqQ:.

In the connsction and discussed, of two p.s.v. 9, and 3 it is

expediant to select as the range cf set ts.Kk.ch. 2z

Thus, subsaquently under the range, designated by symbol (Q,), of
the nonpositional nusmeration systea with pair-wise
conjugated/coabined bases/bases (3.1) vwill be understood the sst
ts.k.ch. of fora (3.2), where {, are subordimted to condition

(3.3’ -

Observatioa. The structure of range (Q,), it is obvious, it will

not be changed, if in the composition of bases/bases (3,1) vill be




r
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represanted also> real bases/bases.
Lat us now move on to the nonpositional representation of
nuabers of rangs (Q.). We form the crthogonal base of the systes of

bases (3.1).

Lat us iantrodyce the designation

Pu=— gf . (3.7)

Since Q,— real number, then

¥ o = o=,
b= Py

Page 139,

Taking into account <A4|,=< 4|7, ve note that the orthogonal bass
vill consist of pairs of complex conjugate numbhers B, B,

By =m,, P,,, 3.9)

vhere «
My =< Pl

and
§b="'u-i’u-
Lot ze(Q,)v and

<z"t.=ah <z";:.=ph

then

2 (2, By + 8, By) = 2(mod Q,).
!

Conssquently,
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== ?. (ah Bl + pl-Bh) + P2 Ql' (3-9)
P )

k1

It is clear that rank p, is equal to 0 whan and only when
L -
3 @a+nBoea.

Relationship/ratio (3.9) detersines the basic formula of the

nonpositional representation ts.k.ch. of range (Q.).
§ 8. Rank and its properties.

Rank as th2 function of number z i3 the sost important function
of the nonpositional representaticn of numbers, since he in
conjunction wit: ths remainders/residues determines the value of

naaber z.

In connection with this it is interesting to study the

properties of function

The syametry 5f range (Q,) is reflected also in the properties of
the sysmetry of rank. More graphic this is exhibited in the casas of

PeSec2efe ¥,

Thus, usinj symmetry of deductions, it is not difficult to chack

the validity of the properties

e e e
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Lp@a)=1p(a);
2. p(2)=p(a);
3. p(@)=0p(a).
Observatioa 1. The first property assuaes that all bases/bases
Py — 044 cosmplax numbers; the presence of even (or semievan)
basis/base it will lead to the need for the account of the
sdge/boundary deductions c¢n this basis/base, which vwill somewvhat

distort the structure of symmetry, exprassad by the first propscty.

Page 140.

Observatisa 2. The same properties of symamatry in accordaace
vith the principle of isosorphisa p.s.v. on assigned msodulus/module

(theorem 2.3.2) can be spread alsc to the case Of p.S.n.v.

Subsequently let us pause at the study of the properties of the
standardized/normalized rank. On the basis of representation (3.9)

and noting that .

J By Mpn = 83 + %3 Py, (4.1)
Ba "Tu = Tha + ' Pro (4.2)

1,5.. we will obtain the »

-
-

vhere Sm=<2my, | 5 Tm=< 3, Mre

standardized/norsalized nonpositicnal representation of nuaber

2= Cas Pra+ 1200 Ban) +1.(2) Qs (4.3)

vhere

B =0+ T (4+x)). 4.3

kel
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Since P..=;.qx¢h.-.Q»-anx---cm that is useful to introduce one
additional designation

Q=01 - Qa—1q2+1..- Que (4.5)

Then respresantation (4.3) is registered in the fora

2= Cun Pat Tan Pr) Qun +1(2) Qu. (4.6)
Lat k=1
Ban P+ Tun Pa =03 + 0, G0 (4.7
vhers wie <)o

Let us note hera the connection of deductions ts.k.ch. 1w, with the

deductions ts.k.ch. z:
'éw.i§.= <QE 5,
| <yl 5= < Q5.
Actually/really,
, /<‘~l'h | ,.- ‘<3u;n | ;.f(fi <Pllinlnlsn

Page 181,

But K Pl |, 7 =<Qml, 208 a=I<3],, th_o_toto:t

‘<l =<2 1 5,
Substituting (%.7) in (8.6), ve wvill obtain




DOC = 81024008 PAGE agé

2= 2. Wy Qe +¥(3) Qs (4.8)
vhere =i

v@=p@)+ Y %
bl
Poraula (4.8) expresses the capnonical standardized/normalized
nonpositional rapresentation of ts.k.ch. of range (Q,). Respectively
deductions w, we will call canonical dsductiocns on pair-vise

conjugated/combined bases/bases p,. P

In connection with expansion (4.7) it is interesting to coansider
a question about tvo-modulus nonpositional reprasented ts.k.ch, with

bases/bases p, P.

As the ranje of such representation let us select square p.s.v.

on modpl, 1.8 <!,

As it follows from theorea 3.3.3, the aixed positional
represantation of numbers of this range does not possess the propecty
of invariance. In accordance vith the asntioned theorea any ts.k.ch.

we<- (%, is unambiguously represented in the form

- §t+np+eq (ga=1pHh) (4.9)
vhere
fe [, ne< 1 =
and lel = 9
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On the othar hand, the nonpositional rspreseantation of this nusber

takes the fora

w=3p41p+W. (4.10)

Comparing these two expansions, ve note that

t=<ipt ).
Therefore

- » oy
Opz:-r-;\p.

Page 142,

Substituting latter/last disintegration in (%4.10), we vill obtain

Let w=Et+(1+2)p+ .
T+A=1]+'-;v

being congruent/equating latter/last disintegration with (8.9),

establish the ->anection between standacdized mormalized rank
number v and its excess parameter ¢ in the mixed positional
representation

t=v+e,
vheres

el =
Hence it follows that the restoration/rsducticn of any of the

paraseters —e¢ 3r v on ore kpown unavoidably raquires sone

v

of
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transforanations, connected vith the detaraination of value w.

Subsequently with the vork vith canonical deductions prefareace
ve will give up to representation (2.9) in viev of the more

comaplicated character of the behavior of rank v

Since canoiical deduction v in the nonpositional auseration
systaa is represented by its resainders/residues on mocduli/modules p
and P respectivaly, then it is necessary to work out the algoritha
vhich would make it possible on the preset remminders/residues to
detersine the value of canonical deduction. This question wvill be
exanined into § 7. Already based cn the exaspls of the simplest
tvo-modulus numeration systea evidently, how complicatad a charactar
has a2 rank as rsamainder function. Is given belov one of the versions
of the description of rank as remainder functions based on the
axanpls of ths canonical normalized nonpositicnal representation of
ts.k.ch. Bach t3.k.ch. f{t_,('Q.) is uniquely deterained by the set of
canonical deductioas on the pair-wise conjugated/coabined

soduli/modules:

2+ (w), wy,..., w,) (w,€ <- l".).

Let us present ausmber w,Q,, 1in the amixad positional code on

bases/bases qhqb-u-cs'h

.
Q= 3 “indi 0. Cumis (4.11)
[ T ]

vhere R
€ lej, A<m<a),
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Page 133,

Let us assuame that bases/bases ¢i. ¢x..., ¢. are arranged/located in the
ascending order of their values. Let us introduce the designatioa of
deduction of ts.k.ch. z on sodulus/sodule @
=<3 :;-

It is obvious,

<10y Qe | :.’-%-
Therefore from (4.11) it follows that =\a are the functions little
aore than of reszainder/residue z,. Let us detaraine tha focra of these

functions.

Let us realizs that numeration system consists of n¢1
bases/bases qi. q»:--. Gs Is+1« Ther fcr the same nuaber ze(Q.,) canoajical
Jeduction on modg, changes its value and instsad of value ©,Q, ve

vill have “@rai  where
w < Q.| :..

Ve have
U.' Ql.u»x = W.' Qne1 Q= < w.' Iuer ! ':. Qa.n —
SinC‘ , +‘l4lQ.- (4-12)
ll.’ Q..l#l B(Qlu)
and

< U.’ gosr | 't. QMC(Q-)-

. i
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that, in view of the invariance of the mixsd positional

representation,
wa8<elE

faet’ ‘
We further note that

- - -
<6y et | g =Ky R TR |

- <“.Q:: | f.-wh

Consequently, (4.12) it is possible to rewvrite in tha forn

w.’ Ql.lul-w.0u+‘--ﬂ¢x---4r
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Page 184,

If we aow here substitute (4.11), then ve will obtain axpansion
ts.k.ch. ©,/Qu.+1 4into the mixed positional code. Consequently, in
designations (8,11)

Rgypl = Wp n41e

Proa (8.12) it follows that
"h'¢.+x]i

® o=x
n+1 [ s

vhere the brackats indicate whole syllable, vhich corresponds tos the
smallest, either non-negative or least positiwe residues

(respectivaly). Tharefore

- =[<’.Q‘b_.l:¢l.lq,,'¢-+x ]:
| T8 7

In viev of randomness n in general wve obtaia

a Q—l.| - ¥
o) g == [i—..::z—-'—.-'—] (m > k).

Is such fors “»= as reaainder functions 1z, vhich let us register in

the form “=(2).

In accordaance vwith (4.8) we form the suas

2 0y Qua = E 2 Oa(2)01¢2...qm1 =
fe=y}

ol meml

== 2 (2 W (!.)) 192...Im—1- (4.13)

M=l \ =l

Laaaa ol o
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2 O (11) =§ +A,q.,

Kol

vhere £, 4, — be the remainder functions aj ..., 2, mnorsover
» .
tw=< v on(1y) | ‘:» ,
r ] R
- o}
1 o +
Sa=[E T wai)]],
Rl
Page 145,

Lat us introduce iato the examination the function of overflow vith

the addition of two deductions cf &

WL ,

If we in (8.13) take into accouant all overflows which appear with thes

susmation over moduli /modules 943(-=2, 3, «.ee N) the exprassions

z- g (2y),
bt

then as a result wve will cbtain disintegration into the mixed




-
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positional coda of number z and certain surplus, equal in sagnitude

and opposite on the sign to rank ‘(3 of nuaber z.

Thus, we will have
—v ()= A,.—{—T[. (En+ Ape1TMa—1 (5u~1+-\n—2~‘*7m~2( L. (4.14)

The obtained formula expresses rank as remainder function

iuham..:,zﬂ, since each of entering this formula variable/alternatiag

is known remainier function.

From (4.1%%) follows that rank with an accuracy to the valua of

the value of function =, is determined by the "linaar® part

4, = [':T 2 Wa (“h)]"

1 .
in this case ia the case of the least hon-nogative residue value
it can take valopes of 0.1, i, 1+4i, and {n the case of the least

positive residuas - 0.1, 1, 1+#4i, 1, -tei, -1, =1-1, -4, 1-i,

Another natural expression ““1 as remainder functions is

obtained directly froa (3.9):
» -l -
v(2) = [V S | u] .

=} an

rd

Aovever, the direct numerical analysis of this foraula is extrasely

difficulet.

¥
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Prom the latter/last foramula it follows that the
standardized/normalized rank of cancnicail representation accepts the

value £rom p.s.v. on mod n, i.e.,

v@e<-. | £

Page 166.
§5. Modular tables.

This designation/purpose paragraph auxiliary: to prepare all
necessary tables which would coapose basis for the illustration of

described belov algorithes,

In this case the task is placed somewhat wvider: to describe
tables in such coampleteness which would reflect the real situation,

vhich appears with the work with virtually accasptable range 023.

In connectisn with this as the bases/bases wvere chosen the

following ts.k.ch,;

ipl=q =18 g2=17 a3=28

» | 7 |p=2+8{p=2—8tlps=1+4i| Pa=1—4i| py=3-+4i| Ba=3—t

q=29 =8 go=41

Pa=2+8 E-z-ulp.-nuli'.sl—a Py=A+51] Pamia—S8i
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The full/total/zomplete range of the nuabers, described by these
bases/bases, is determined by the set of nuasbers, egqual to Q% L.s.
132¢17202520292¢3720412, AS p.S.vV. On the appropriate moduli/modules
they are selaectad p.S.a.n.v., thanks to which the arithmetic ts.k.ch.
of range (Q.) reflacts "1§ small™ all basic properties of syasetry,
inherent in integral grid composite z of plane. It is possible to
indicate three most laportant types of the tabtles: the table of
aodular addition, table of aodular nmultiplication, table of

recodings.
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Pig. 38. Pig. 39.

Pig. 38. Squaras p.s.a.n.v. on mod(2+3i), p=8; mod(2-3i), p=5S.

Fig. 33. Squares p.s.a.n.v. on mod (1+¢4i), p=4; mod(1-4i), p=13.

Page 147,

Table of ciding - single-~input table, which realizes the cartain

function of ths praset argument with th2 values, which belong p.s.v.

on this modulus/module,

In the development of the tables of modular operations essential

help proves to be theores 2.2.5. Therefore the first group of tablas

consists of tha tables of the isomorphiz r2lation of composite
deductions to the real deductions (straight/direct and reversse
tables) (PFig. 38-43). Isomorphic relation is indicated by sysbdl -.

Hers is indicatad coding deductionms, which makes it possible to
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reduce the tables of modular operations.

Ralative to coding of deductions it must be noted that during
the 3anginearing r=e2alizaticn the deductisns should be coded in
accordance with the principle of inclusion p.s.v. on the low-order
bases/bases in p.s.v. on the senior basas/bases., Therefore can be

achieved/reachad certain econcmy of equipment on the diagrams of

racoding.
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?igo “0. H.q. “10
Pig. 40. Squar2s p.S.a.n.v. on mod(3+4i), p=18; mod (3-4i), p=7.

Pig. 41. Square®s p.S.a.h.vV. on mod (2+5i), p=17; mod (2-54), p=12.

agjus

rig. %2. Pig. 43,
Pig. 42. Squares p.S.a.0n.,V. on 80d(1+6i), p=6; mod(1¢6i), p=31.
Pig. 43. Squares p.sS.a.n.v. on mod(8e¢5i), on mod(4-5i), —p=ds
P=3ﬂ} mod (#4-5¢)) 0% .

Page 148.
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In the case in question into the basis of coding deductions is
undertaken the following principle: as the aantissas of deductions
are selected tha deductions, located in the first quadrant of the

conposite plane (rsal axis is switched on, allegad is excluded).

The second group of tables ccnsists of the tables of modular
addition and aultiplication on the appropriate moduli/modules. Tables
are given in tha abbreviated /reduced version in accordance with tha

principle of tha coding ¢f deducticns accepted.

The third group of tables - table of reccding, their finding

will b3 given in the application/appendix.
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-r;bla of the isomorphic cenformity of coaposite and real deductions
(straight lines and reverse) for the moduli/mocdules 2+3i, 2-31i; 1+4i,

1-43; 3e4i, 3-ui; 251, 2-5i; 1+64i, 1-6i; 4+S54, 4-Si,

_— (“ - -— + — -
<ligie|- s Bormp. [<:liages] i3 Komap. |[Ilzes<l3igion <7y, 1

0 0 0.0 0 0 0.0 0 0 0

1 1 01 1 1 0.0 1 1 1
{2 2 0.2 2 2 0.2 2 2 2
14-i 9 0.3 14 [ 0.3 3 2i —2i

i 8 1.1 i 5 1.1 4 —lei =14
{m 3 12| 2 10 12| 5 - i
~1+i 7 1.3 | —1+i 4 1.3 6 1—i 1+i
-1 12 2.1 -1 12 2.1 T =—14i ~1-—i
[-—2 11 2.2 -2 11 2,2 8 i —-—i
—la=i 4 2.3 | —1—i 7 2.3 9 14-i 1—i
]-—i -1 3.1 —-i 8 3.1 10 —2 2i
—2i 10 3.2 ~—2i 3 3.2 11 -2 —2 '
l1—i 8 33 |—1— 9 33|12 -—1 -1

— - + - -

<.-|1+«"’l-[x# Koxzsxp <-|x-4u-|-|11; K!SIDD- 117 < Toar= <l

0 0 0.0 0 0 0.0 0 Q 0
1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
14i 5 0.3 | 14i 14 0.3 3 —lwi —1ei
2+ 6 0.4) 1+2 10 0.4 4 i —i
i 4 1.1 i 13 1.1 5 1+i 1—i
b~} 8 1.2 2 9 1.2 8 2+i 2—i
-1+ 3 1.3 —14i 12 1.3 T —=14+2i ~=1-2
—1+2§ 7 1.4 —2 =i 11 1.4 8 2i -2
-1 16 2.1 -1 16 2.1 9 —3i 2i
-2 15 2.2 -2 16 2.2 10 1--2i 1+2i
e T 12 2.3 —] i 3 2.3 11 =2 —24i
=i 11 2.4 ~—1—2i 7 2.4 12 —1—i -1
-— 13 3.1 —j 4 3.1 13 —i i
—2i 9 3.2 -2 8 3.2 14 1~i 1+
1~i 14 3.3 1—i 5 3.8 15 -2 -2
12 10 3.4 2—i 8 3.4 16 -1 -1




P_‘;_.. e, -4 T ———— -

DOC = 81026009 pace 25(
Page 149,

- - - - —_
< lspar =llzs Kt@v- <oz Rogp. [ <5 <'l3a
0 0 0.0 0 (1] 0.0 0 0 0
1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
3 3 0.3 3 3 0.3 3 3 3
1=¢ 19 0.4 1+ 8 0.4 4 3i —3i
2+i 20 0.5 2+i 9 0.5 5 —2—i =2+
1+2i 12 0.6 1+2i 16 0.6 8 —]—i =14

r 18 1.1 i 7 1.1 7 —i i
2i 11 1.2 2i 14 1.2 8 1—i 1+i
3i 4 1.3 3i 21 1.3 9 2—i 2+i
-] 17 1.4 144 ] 1.4 10 —1+2i —1-=-2i
-1-2i 10 1.5 (—1+2i 13 1.5 11 2i =2
—2+i 16 1.6 {—2+i 5 1.6 12 1+2i 1—2i
-1 24 2.1 -1 24 2.1 13 —-1-2i —1 -2
-2 23 2.2 -2 23 2.2 14 —2i 2i
-3 22 2.2 -3 22 2.3 16 1-2i 1--2¢
—1—i 6 2.4 | —1—i 17 2.4 16 —2+i -—2—i
o 5 2.5 | —2—i 16 2.5 17 —1+4i —1—i
-—1-=2i 13 2.6 | —1-2¢ 10 2.6 18 i —i
—i 7 3.1 —i 18 3.1 19 1+i 1—i
—2i “ 3.2 -2i 1 3.2 20 24-i 2—i
—-3i 21 8.3 —3i 4 3.3 21 —3i 3i
1—i 8 3.4 1—=i 19 3.4 |.22 -3 -3
1-=2i 15 3.5 1-—-2¢ 12 3.5 23 -2 -2
2—i 9 3.6 2—i 20 3.6 24 -1 -1
- [a») — - _
<ige~lE Kommp. |<lzgellf anjn- Il <-bzosi <[ 2_at

0 0 0.0 0 0 0.0 0 0 0
1 1 0.1 1 1 0.1 1 1 1
2 2 0.2 2 2 0.2 2 2 2
148 18 0.3 1+4i 13 0.3 3 =242 —2-2i
2+4i 19 0.4 | 1+4i 14 0.4 4 -1+ —1-2i
8-+i 20 0.6 1+2i 25 0.5 5 2i —2
142§ [] 0.6 2428 28 0.6 ] 1+4+-2i 1-2i
2421 7 0.7 | 1438 8 07 7 2+ 22
i’ 17 1.1 i 12 1.1 8 1-—-3i 1+3i
21 5 1.2 2i 4 1.2 9 —3—i —3+i
-1+ 16 1.3 —141 11 1.3 10 —2-—i —24i
—1+2 4 1.4 | —1421 23 1.4 11 —1—i —1+i
—-1+3& 21 1.5 —2+1 10 1.5 12 -—i i
—2+i 18 1.6 | —2421 22 1.8 13 1—i 1+i
—242i 3 1.7 —34i 9 1.7 14 2—=i 24+i
-1 28 2.1 -1 28 2.1 18 =241 —=2—i
-2 2 2.2 -2 b4 2.2 16 —t+i —1—i
—1—i 11 2.8 e St} 16 2.3 17 H -—i
-—2—i 10 2.4 —2—i 15 2.4 18 1+i 1—i
i 9 2.5 b S § 4 2.5 19 2+i 2—i 3
—1—2{ 23 2.6 -—2=2i 3 2.6 20 3+i 3—i ' 1
—2-2i 22 2.7 -1—31 21 2.7 21 =148 -—1-3 X
— 12 3.1 —i 17 3.1 | 2 —2—-3 —2+2
-2 24 3.2 -2 5 3.2 B —1-=2 —1-3%
1—i 13 3.3 | 1—i 18 3.3 u —21 2
1-2 25 3.4 | 1-2 6 3.4 2% 1-=-2 1426
1-=3i 8 3.5 2—i 19 3.5 26 22 242
2—i 14 3.6 221 7 3.6 27 -2 -2
2—2f 28 3.7 | 3—i 20 3,7 28 -1 -1
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PAGE 352

- 1 - \
<"1+6l"’['l;‘; KOQ. <'|1_§‘"’H;7 Ko

"ls"';“’<'l 1460 < g

0 0 0.0 0
1 1 g.1 1
2 2 0.2 2
3 3 0.3 3
1+i 7 0.4 148
2+ 8 0.5 24
8+i 9 0.6 | 142
142t 13 0.7 | 2+
24-2i 14 0.8 14-3¢
342 15 0.9 248t

i [ 1.1 i

21 12 12l a2

3 18 1.3 3i
—14i 5 14 |—1+i
=142 11 136 -1+
~1+8 17 1.8 |—2+i
241 4 1.7 |[—2+4+2
~242 10 1.8 |—8+f
—2+3 18 1.9 |-3+2
-] E 2.1 -1
~2 3 22| -2
-3 M 23| —~3
)i 0 2.4 -—1—i
—2—i 2 2.5 —2i
—F—i 28 2.8 —1=2i
—1—2 U 2.7 | —2~21
—2—2 2B 28| —1—8
—3-2 2 2.9 | —2~8
—f 31 3.1 —i
-2 % 32| —a
—8i 19 3.3 —3i
1~ 2 34| 1—i
1—21 28 3.5 | 1~
1-3i 20 3.6 2—i
?—i 8 37| -
22 ;38| i
2-3 2 39| 3-%u

® e & o o & .

NNN&»wwrwnnuquoopppO???
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Page 152.

Table of modular additicn.

{(V)no mod 2+3i

10

3312
3110

ﬂuzla
3223

1331
8310

3130
Mmoo
2103
NG

1011
2001
Nl
ot © v

2311
1232

13«'«3
1030..

3221
cweies

0-232
St

1222
0013

0123

oooo

DOl

(D) no mod 2—3i

4 12 11 7

10

[ ]

xl
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3120

N D - 0
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3130
2330

21u°3
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O ot vt
NO O ry
€0 v om0
—_ O -
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1332
1022

33.11
. ..
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CICY o0 4
O
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O meNMm
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@uo mod 1+4i

7 16 15 12 11 18 9 14 19

4
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@no mod 1—4i
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9 12 11 16 16

2 14 10 13
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L')no mod 3+4i
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0\ fio mod 2+35I
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¢ \uo mod 148!
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@ no mod 1-—6i
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Tabla of modular aultiplicatioan.
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§6. Aljorithm of coanversion of decimal representation of ts.k.ch.

into the nonpositional.

Oon the givan one ts.k.ch, 2=4+Bte(Q,) it is necessary to
determine remainders/residues on rair-vise conjugated/combined
bases/bases ;ﬁ;;; {1€k&n) and to present these remainders/residues

in accordance with the code accepted.

This problam solves the algorithm whose diagram is describhed

below:
1)<At811;=1.31,:.+1131;.— o
2 HAlg +elBlg |y <=>< 2zl «-(xon)
D 1Al +hl Bl <=><z2] 5~ (B0,
Key: (V). the code,

vhars Pr and P» — coefficients cf isomorphism in moduli/modulas

Px apnd Pw

In other wdrds, during the first stage is ravealed/detectad
canonical deduction ts.k.ch. z=A+Fi on pair-wise conjugated/coabinad
soduli/modules p, p,: the second and third stages are implemented in

parallal, moreover by arithmetic conversion are subject real




r - S — — 3 - 1
|
|

DOC = 81024009 eace Jbf

deductions on ths real moduli/mcdules,

Their practical realization is reduced to one recoding
@.-!Bl;p and modular addition, in this case it is important to

note that in aczordance with the principle of isomorphism the

corresponding operations can be realizel on the equipment, intanded

for th2 modular addition of ccmposite daductions.

Example. L2t us deteraine resaindecs/residues ts.k.ch. 15¢211 on
pair-wise conjujated/combined bases/bases p,=2+3i, P, =2-31, p,=1+4{,
Po=1-4i, p3=Jledi, P3=3-U1 according to the algoritha outlined above: L
1) <16+21 | g=2 —Bi,
<WB+Ri|p=—2+4,
<1542 | = —10—4i;

2 12—p5]5=12~85]3<=>< 1], —01
| —2+pdlfy=—2+4d|F<=><1—il] =33,

| =10—pyd [ = —10—184| F<=D> <ilgpq——15

3 12—58]5=12=56]<=><~2|jy—232
=2+ 4l G=]=2~44 | H<=>< ~1|—~21,
| =10 —pgd | g= | —10—B.4 | F<=><1—2) 5, ~—38

Page 162.

Thus, &n thﬂ\systau 15¢21i-(0. ! egoepded, 3.2; 3.3, 2.1: 1.1, 3.5).

Por coavenienc? in the calculations are given the tables (see
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appendix 1), which realize the translation/conversion of canonical
deductions into ths deductions cn moduli/modules P; P registsred in

accordance with the code accepted for the composite deductions.

§7. Translation algorithm of ts.k.ch. presat by the nonpositional )

code, into the aixed positional KOD.

Let us assume at first that ts.k.ch. 2€(Q,) is rapresentad by
the canonical nonpositicnal code
@ @ L .
Z2- (wy, Wyy..., W,). (7.1) ’
It is nacessary to deteraine components {, ' of the mixed positional .
repressantation of number z:
z=4L4+La+ 50+ . +Haa.. . d- (7.2)

vhere

r 1
w8l

the following process of consecutive indexing (see the proof of

l The unknown components can be defined as the remainders/residues of
|
| theorea 3.3.2): z is divided into q,: the obtained partial quotient

? w ig 1ivided into q,; partial guotient o® frecm the praviocus division

H is divided into gy and so forth.

This process is described by the following system of equalities:
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z2={;+wbgq G=<z{I
0(1)=C3+wmg3 ;z=<m(1)li

[ £
ol® = Gt o®g,
.............. (7.3)

47
i
N
&

8
oW

o(#=1) = I a—t | £
n n <w | '
In viev of the lstarmination of range (Q), for any ts.k.ch. 2€(Q,)
the process ¢of calculations is completed, at l2ast, at the n

step/pitch.

Page 163,

Let us par2phrase the realization of the described algoriths
into tha languaje of the nonpositicnal representatiom of numbers. Por
this purpose in equalities (7.3) let us pass to the deductions on

aoduli/modules ¢ then ve obiain n of the systeas of the

coaparisons:
w, =0, 4 “’5.“ Qir )
“’s." =, o, 2
........ {mod ¢,) T4
(m=1) __ ~ ' (m) 1<r<n ( .)
o, EoemrtT9, qmr == ’
w:_"_" = Ly
where
Tar=< 5| :r.

(m) -
w, o= < wim ! ;’v

QMr=<le';-.

¥
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In accordance with recurrence ferrulae (7.4) the process of
deteraining the nuabers ¢,, §,, «+.. by consecutive indexing can be

represented in the language of remaindars/residues in the fora 5f the

following diagraa:

the zero step/pitch:
G=w,;
the first step/pitch:
o =< g7 0y — < w, | g 2<r<a,
moreovar
:x=""(zne < | ,zr;
the sacond stap/pitch:
ol = < @ — <ol |); |7, 8<r<n,
moreover

. (2) =,
g =, € tq.'

the third step/pitch:

{(s=-1) -th step/pitch:

(m—1) __ -1 (m—Z)_ PERL ) B - -
et =< Im—1.r ("'r S¥m qr) ! q, m<ir<n,

r
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moreover

—1 (n—2) (3=—2) ; = +
T Ta =< qn-l.n(mn —®e 1.) ‘ '

Page 164.
A block-circuit racording of this algorithm is shown in figure 44.

In teras of its structure this diagram is sipilar to the diagran
of the calculation of the divided differences in the thecry of
interpolation. In connection with this let us name its A- algoritha.
a A- algorithm caalizes the translation/conversion ts.k.ch., praset
by the canonical nonpositional code, into the aixed nositional code.
In actuality each canonical dedocticn w, is representad by the pair
of deductions » 3 on moduli/mcdules p, p, With exception of
recoding of the type

<—<=ziii (7.5 ]
all stages of calculations cn a A- algorithm modular, and therefora
they can be realized in accordance with the rules of amodular
arithmetic in parallel and indeperdently directly above the

nonpositional ra2presentation of canonical dedutions.




DOC = 81024009 pace U7

Racoding (7.5) requires the restoratisn/reduction of the value

of canonical deduction on ™od ¢.. In connecticn vith this let us pase

the following problam.

Lat w=x¢+¢iy - canonical (nonstandardized) deduction ts.k.ch.
z=A+Bte(Q,) o 10d q(q=peP), i.e.,
T+ly=< A+Bi| .
It is known that
<z4iyl|, =0 <x+ty[7=f (7.6)

It is necessary to restore/reduce value x+iy.

Pirst seth>3d, It is assumed that modulus/module p=c+di satisfies

condition (¢, 4) =1,

p and p - coefficients of iscmorphism raspectively 4in

moduli/modules p and p.

L3t us compare to deductions a, B the isomorphic deductions r,

and r, on z0d q.
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Page 165.

Fig. 44. Block diagram of tramnslaticn algor‘thm ts.k.ch., preset by

nonpositional code, intc sixed positional code. _{:éfj _ adder,

vhich realizes operation <*T+Wlgy

*@—- — block of recoding, which realizes the operation: 1.’_(-—215,,-‘ Im'
x

-

~ block of recoding, which realizes the operation: <¢I.’rrf.‘,-
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Page 166.

Then relationships/ratios (7.6) can be preseanted in the fora

x+py = ry(mod g).

Proma the latter/last systeam we obtain:

| (e —P)y=r;—r;(modg).
| Tharafore, whes (p-p, q)=1, we have rk

y=<(r—r) —p)]

and
x=r—p(r,—r) (p—p) | ;l:.
Sacond method. According te¢ theorsm 3.3.4 for A
w==x--lyele | ve have
| vhere w=3+"p e, (7.7)
0
he) ={
1

Consequently, task is reduced to the determination of values &, M &
Since ee<: |1,y the equality (7.7) can be considered as
repras2ntation ts.x.ch. v in the mixed positicnal code with
bases/bases p, P, 1+2i. In that case for deternmining the paramester

¢ is necsssary surplus information about value w. Specifically, it

is necessacy to knowv the deduct jop

T=<w ]

!
;
!
?
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Actually/really, it is obvious, that E=a. Since
wo—a ——
B
that
1=]pB@ =<2 i3

Further, from the fac* that

follows
e=< pH(p! (r—2) =) | 14

Page 167.

Both mathods it is not possible to consider sufficiently efficiant,
since the first method requires, at least, two recodings even one
vperations of aodular addition, and the second - presaace 95f surplus
basis/base on 2ach pair of the complex conjugate bases/bases is amade,

2t least, for two strokes/cycles ¢f modular addition.

Third meth>d (tabular version). Since the pair of
remainders/residues (a, B) on mcduli/modules g, P of canonical
deduction wé<:.57r, uniquely determines value w, then value v can

be assigned by table with two input: «, 8.
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Let us consider a question atout the reduction of these tables

in light of coding of deductions acceptad.

¥a have
w=12B+3B+rlipi, (7.8)

vhera B=mp and m=< p~!|3.

Lat
a=(k) n, =i n,,

3 =(ky) ny =ik n,, 'l

wher2 n,y, n, - zantissa, k;, kp - orders of deductions. Then

relationship/ratio (7.8) can be‘presented in the forn
w=th(a Bt " B TR p),
In the force of the property of the symmetry of deductioans ts.k.ch.,
the prisoner into the parentheses, telongs p.s.v. <. P
Hance it follows that the tables in question similar to ths
tables of modular addition can te abbreviated /resduced four times,

moreover work with these tables in form will te adequate to work with

the tables of m>dular addition.

In appendix 2 are given the full/total/complete tables of |

recodings vf the type

ICRCE

2<m<6

<=<w | | oy 7m (k< m)
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On the upper and lover sides of the intarsaction a« of lines with B
the column of tables are contained the leductions of a nusmber ~<u;l:,

on aoduli/acdules , and Pa C3spectively. The technical
realization of similar tables is reducel to that so that each tabls
of recodings of this type would be furnished vith two decoders on

moduli/modules p, and p,.
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Page 168,

L2t us now give the more detailed intarpratation of the block
iagram of A- algoritha in connection with the nonpositional

numeration systam with the pair-wise conjugated/comhinsd bases/bases.

Por this it suffices to decipher the asseably of the fora,
depictad in fijure 45. But since the geareral/coamon/total structure
of the describal earlier diagram is retained, the mentioned assaably

takes the fora, showr in figure Uu6.

L2t us note that during the tabular rzalization of modular
arithmatic it is expedieat the reccding, connectad with the modular
multiplication >f the result of addition for constant q:;@;;x to
provids in the table of modular addition, f.e., at the output/yieli

of module adder to put out the deduction, multiplied to tha constant.

¥
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§em

Pig. 45.

Jﬁ—' <2'; [‘:‘;'
x.m .m .om !
‘.j j
Ton e "i,
§
o
!
|
]

Pig. 46. [m | - modular adder Obmwd pm [M J- modular adder on mod pm,

- recaiin; Of type < _1c’ -, [9.-: - reCOding Of type <'-‘.lc,— .
q. ’- "~ ‘l
@ ceccdin YPE <ufen .”’-' ’m’

Page 169.

In conclusion let us present illustrative axamples. Lat as :

salect as the basis of system pair-wise conjugated/coamabined ts.k.ch.

(2 + 31) (2~ 31) = 18, (1 + 4i) (1 —41) = 17, (3 + 41) (3 — 4i) = 25,

(2 + 6i) (2 —5i) = 29, |

Example 1. Let us find components « of the mixed positional fe
«

represzntation 5f ts.k.ch, A, preset by the nonpositional code, in
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the canonical iaductions

A+ (1—¢, 148,238 —T+86i).

§2 will usas A-algoritha

1—i 148i 28 —7+6i
! —8{ 1—2i —8+Ti ~<x+!ll:k (x=2,3,4)

T 2 2—4i —14+:5i ~<gqyrx) ;‘: (r=2,3,4) )
} 2—8i —M+43 ~<x+y| ;; (x=3,4)
2 6+Ti 6+7i ~<ga=x| ," (r=3,4) i

! 0
s )
L

Henrce w3 find taas unknovn representation
A= (1—1)+ 2418 + (6 + 7i)18-17 + 0-18-17-25. :
Exaaple 2. Ts.k.ch. A is presaet in tha pair-vise | ¥

con jugated/combined deductions x
A“’(a":l‘o&nt G‘SQ 7)- Ty

To f£inl its componants &, m of the mixed positional representation. We

vill use the block diagram of A~algoritham:

i) ;
69 163 23,6 87  mepissxmpomma (6,9)~<—W |}, i
} 3,12 17,6 16,11 stdl, 2:88
fmp .2,15 15,12 24,18 (\moxyasEas CyMMs, ZONHOMENNRR AR KOX-
8,9 65,24 18,17 ecramrr <¢g-1|17. 35, » =(4,2,9)
} 14,11 24,5 @mepexoxmposxa (8,9)—<—W |t 2.
éme 19,10 8,22 QMOXYXSEES CYNMMA, OMNOEENERX EA XOH- p

! 7.5 9.3 cramTa <q-1 | 2.2 =(3,12)
{ 20,28 © mepexozmposxa (7,5~ <—W | 7,y ]
€ana 00 Qimoayasmaa cymma |
fn

Key: (1). racoling. (2). modular sum, multiplied to constants, (3). !

modularc sun. iy

o

§ 8. Operations of reduction and expanding the range.
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Lat be preset two groups of the pair-wise conjugatad/combianed
mutually simpls bases/bases. Each of thase groups foras ranges

(Q.) (Da), and in the set they form range (Q,Dm)

Page 170,

With the work with the numbters, represented by tha nonpositional

coda, frequently appear the following two tasks:

1) number z€(Q,) is represented by cemainders/residues on the
bases/bases, which are determining range Q,. It is necessary to
deteraine the raamainders/residues of numaber z on the bases/basas of

range D',.;

2) nuaber z¢(Q,Dns) is represented by remainders/residues on the
bases/bases of range (@,Da) It 19 necessary tc fip?! the
remainiers/resilues of number w of such, in ordsr to

2=r+4+wDy,
vhers
re(Da).

From the proparty of the invarianca of range (Q,Ds) it follows
that w€(R,). The process .of the solution of the first probles it is g
accaeptad to call the operation of expaniing the range, and the second

- by operation o>f range reduction (Q&QP) to range (Qﬂ)
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Since for the realizatioa of aany of these operations is requirad
to analyze the =ontant bit one cr the other set of bases/bases, they

must be related to the bit of nonsodule operations.

In a sense these tasks ate mutually-ra2verse, i.2., the algoritha

of solution of on2 of them can be used for solving another.

Actually/raally, let be kncwn the 1lgdrithm of the operation of
expansion, then for the realizaticn of range reduction it is possible

to act as followus.

It is obvi>uys, the number, represeated as remainders/residyes on

the bases/bases of range (Dw), is equal t> r. Widaning the

nonpositional ca3presentation of this nuaber to ranges (Qs) and
subtracting it fros the nonpositional raprasentation of nuaber z in
the range (@yD.), we will cbtain number wD,, vhese nonpositional
representation in the range (Qt?:) in the bits according to ths
bases/bases of range  (D,) vill contain zsro. Multiplying this nuamber 4
on <D;'l,, represented in the resainders/residuas on the bases/bassas
of ranqe(Qo{ve will obtain the unknown dedactions of number w.
Convarsaly, let ba known the algoritha 5f range reduction and is

ts.k.ch, we(éb.tha given one by remaiiders/residues on the




i
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bases/bases of range (Q.). It is necmssary to> deteraine

remainlers/residues ts.k.ch. on the basas/bases of tanqe'(D.)-

Wa form nuaber w'€(Q,) such, in ordar to

<w/Dlen=w-

Page 171,

In the nonpositional numeration system 5f range (@, this problea is

solved by multiplication of ts.k.ch. v by constant <D;‘lq.:
w=<wD'|,.

In the range (Q,ng let us consider number w’'D,. Its nonpositional

recording is such: in the bits aleng the bases/bases of range (Q.) are

placed the remaindears/residues ¢f number w, and in the bits on the

bases/bases of range D, - zero.

Using an algorithm of reduction, numbar w' D, can be presantsil

in the fora

W Dp=wrQ,,

vhere ts.k.ch. r is preset by remainders/rasidues on the bases/bases

of range (Dn)

From the lattar/last aquality it f>11o5ws that

<wlp, =—<rQl,, (8.1)

Theraby ths problsa of expansicn is solved, As it will be shown

F : e e — - ———eenae S
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below, the described operations play exceptiomlly important rale in
the implomantation of such most important sperations as the
detecmination of the overflow of the sum of deductions, tha operation

of rounding.

Therefore the develcpment ¢f the efficient algorithas, which
realiza, 1la2t us say, the operation ¢f expansion, composes the ceatral

task of the nonpositional numeration systems.

Are described below cne of the algorithas (far the not most

efficient), substantially using A- algoritha.

Algorithm of the operation of ranmg> reduction. Let be presat
ts.k.ch. 28(Q.D.). It is necessary to deteramine remainders/ﬁesidues of
ts.k.ch. we(Q,) such, in order to

3=r4+wDy,

vhar?2

re(Da). (8.2)
Applying A-aljoritha taking into account the location of bases/basss
1,,ds, vees dm range (Da), we will obtain first m of the digits of
the polyadic representaticn of nusber z, i.e.

2=+ d+...Fndidy. . dm-t.

In viev of the nnijueness of representation of ts.k.ch. z in the fora

{8.2), ¥ve consist that

3~ +%ad + ... +imdidy ... dy )
Dm '

W ==

(8.3)

¥

.
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Page 172.

Thus, the unknown deducticns of number w can be obtained at tha a
stap/pitch of A-aljorithm, used tc¢c the nonpositional code ts.k.ch. z,
presat by the cemainders/residues

d, dy dm q g n

! 2
a .
T1s 81; T2s 62;---: Tmy Oms 21y 31' a2, .32;--~' Tyy an'

(Dm) Qn)

The block diagram of this algqorithme is given in figure u7.

Algoritha >f the operation of expanding th2 range. As it follovs
from that presented, the operation of expansion (Fig. 48) can be
realiz2d on th2 basis of the algorithm of reduction. In the language
o9f A~algorithm “he diagram of expansion (Qg_to range (Da») siaply
coincides with the diagram of range reduction (@,Dn) to range (Q.) In
this case at th2 initial moment of calculation in the bits along the
bases/bases of range (DE) are placed zero, and the final resulgt,

obtained as a ra2sult of transformations on the diagras >f reduction

to range (Q, is recoded in accordance with formula (8.1).

Observation, It should be noted that the property of the

invariance of the polyadic codes relative to the ranges in question
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2llows for th2 >paration of reduction and axpanding the range to
implament in tha following more general/more coanmon/morz total

setting:
a) to shorten range (Q;). to range (Q,):

by to widen range (Qs) to range (@), vhare J - some subsat 2f sat

I, I multitude 5f indices of bases/bases, which are detsraining range
Q-

Lat us giva illustrative exasmples,

Example 1. Por the illustration of th2 operation of range

raduction we will use exasple 2 of § 7.

Is reducible range on the basis q,=(2+31i) (2-31). go=(1+4i) x{
1-4i) . Then the humidly ccnjugated/combined ccla fron
full/total/complete range @,=¢; 92 93 dJe

6, 9; 16,3; 23,6; 817

is converted:

q [£] de
0 @ 6.2 18,10

q q e
L )

Example 2, Is widened the range of the representation of number

q 92 [£] [
A+(@6,9 163 238 1)
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Page 171.
q,

e N,

4“0

pace Q%4

A
<J

\va

ds . ' d,’

A

— ey — e - -

N

e <<

I
w\/

Pig. 47. Block liagram of algoritha of range

range (Om).

- — - - - cmer o - -

—-————(1' : +< <._ :]a

reduction (@»Dm) tO
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|
Page 174, 1
. 8 %, e d d, (
<y iR oh T3 53 ,a? [

-
\ o)

|0y

. (8

[t

'
vi”‘ %

(.8 (g8, (G J

<
<4 <K

J
)
@

Or<h<t

Pig. 48, Block iiagram of algorithm of 2xpansion of range (. t> d

range (@)
Page 175.

In accordance with the block diagram (Pig. 47) vwe have
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@ 92 (1] [ 03
6,9 183 23,6 0,0 w
3,12 17.6 16,11 l:zogi.xounwlu O—~<-W|7 .. ..
2,15 15,12 16,11 YAMMAS CYMNS HOCIE¢ YMHONCHNHS HA XON-
8,9 52¢ 23,12 _ cramr <¢g-!)17.25.9=(4,2,9)
14,11 24,6 Jepexozmponxa (8.9)-<—W|'z'.“
19,10 23,17 RNoayasmax CynuMa DOCae YMROmeENR N XOE-
7.5 15,1 cramT<—¢; | 25.20=(3,12)
20,26 Yepexonmposxa (7,5)—~<—W | :"
6,27 Woayasuax cyMma noCiae yMHEOXCHEN HA XOB- E
18,15 cramrst <g¢-1 |2 =T .
CxoMuie Bu%er 8,7 (dnocae NepexOAWRPOAXK 3 cooTmercramy (8,1) n :
HEBSPTMDORERAK }1

Key: (1). recoding, (2). modular sums after multiplication by

constants. (3). Unknown deductions. (4). after racodiny in coafacaity

(8.1) and inversion.

/

§ 9. Basic arithastic operations ov;: ts.k.ch. in the nonpositional

numecation systaa.

Entire preceding material serves as basis for the construction

of numeration system in the r.sidval classes of complex nuambers.

L3t ts.k.Che Qu=¢:102-..¢. (G4=7sP,) determine the range
@)=<- 14,

vhich ve will c2ll basic (or worker).

If ts.k.ch, ze(Q",'); then it is unasbiguously represented by the

systes of the rassainders/residues

€ L] =
24+ (ay, By; ag Bas..s 2y, B,).
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The operations >f addition and sultiplication above ts.k.ch.

2, 2:€(Q,) are implemented modularly, i.2., if

1 1 1 a1
3+, g% o), 8.5 aY, B,

23+ (@0, B0 2D, ;s WP, g,
then .
224+ (T 85 T S35 Tas 80)
and
31":""(51' Cl; Elo C’; cves Em ca)o
whers

fom < aD b |5, b= <B4 1S,
b= <afhald | 2, L= <BE0 ) 5
in this case as a result is obtained correct ts.k.ch., Lf result of
operation will be found in the range (Q.), if

2, +2,6(Q)andl  2,42:€(Q,).
Page 176,

Othervise the raspinses/ansver wvwill diffar fros true in teras of

aultiple (Q,).

Exasple..Q,~13-17.26. 29

0 —15+3L1,5 14,16; 18,13; 24.8)
Oy g +64(13.7; 10,18; 11,20, 18.17),

0T 3 0,10: 7,12; 4,7, 13,23)
O e e 4, & 3,15 2616,
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oz

Key: (1).'((2). aad. (3). then.

It should be noted that for the modular arithmetic the

characteristically in general following property: !

if certain coaplicated operation is rapresanted by the sequence

of modular operations and in this case the result of coaplicated

oparation beloajys to range (Q.);then indapendent of possible

outputs/yields for the range in the intarmsdiate stages the resalt >f

coaplicated operation will be true.

When result of operation falls outside range, appsars the neead

for restoring/raducing true result.

Usually this concerns the operation of addition. Relative to the
operation of aultiplication it is assumed that either the aultipliers
are scaled in such a way that does not appear the overflows for tha
basiz rangs or there is surplus range over the basis, vhich makes it

possible to maintain the correct result of product.

In the first case it is necessary to vorry about the scaling >f
the cofactors before each multiplication, the secondly - operation >5¢
sultiplication to accompany by the procsdure of rounding. Both these

of process by aature their are equivalent. As a rule, the first case
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ANSVYaTS vork TsSVHM @191ta1 cosputer ] in the so-called
anode/conditions of fixed point, the secondly - in the mode/conditions
! of floating point. However, in the first case all possible overflows
vith the multiplication previocusly are considered and are eliaminated
by programamer by the corresponding scale factors, introduced into the

prograa., In the sscond case this role automatically performs TsVH. In

e

connection with which is required furthar time and equipment. Hencs

it beconmes clear, that the best result on the high speed, obtained

due to the deparallelization of arithmetic operations by the mathods

of the nonpositional nuseration systeas, should be axpscted in

g Ay g

sssencs with tha wvork in the acde/conditions of fixed point.

Page 177,

Let us considar questions of overflov with the addition. Are

possible tvo forms of nonpositicnal representation of ts.k.ch.

e P e 130 GG e RIS W1 ] SIS TR T A

depending on whather are chosen as p.s.v. the smallest or least

v

positive residuas. Let us consider at first the case of the ssallest

deductions. Range is deterained by set ts.k.ch. x+iy, real and
alleged parts 5>f which satisfy the condition

0<z<L Qm

0<y<Q.
Sere in order to contain the symmetry of the integral network of

cosposite plane, it is necessary to introduce concept the coaposite




one 2o o
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sign of a nuaber, vhich is represented by one of the
dividecs/denoainators of unity. Then coaplax integers are registersad
in the fora

1=1t'w, where we(Q,),
vhich we will call the sign form of the represantation of complex
nusbers. In this case is complicated the operation of addition, siace

appears the need for considering sign situatioms.
L2t us pause in greater detail on this question.

Let be preset tvo ts.k.che.

3y == "y, 29 == [ 1y, (W;, wy€ Qn)v

moreovesr a $ay, then

2, + 23 = 1% (W, + 1P wy), 9.1)

vhers
p"“z"“xl:-
Let wa=l,+iB,(A,;, B290), then be cbvious,
Ay+1B,, otk w=0
QI—B!+‘A!9 Q-.-l .

(Qu — Ay) +-1(Q, — By), e@m w==2
By +1(Q, — 4,), w3

<A +1B) [ g =

Key: (1). 1?1

Page 178,
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In the resainders/residues these numbars raspectively take ths

fora . .
<t (A +1B) |, =< 17, |,

<r(A+iB) | 5 =<rrhi3,

i.2., multiplication of ts.k.ch. v on the degres of the imaginary
anit in the nonpositicnal representation they answver three types of
cecolings. With th? use of an isomorphisa of coaposite deductions to
rsal daductions thase recodings take ths form: if a=x¢iy, then

<1tay | y<=> [ plE ey o <=>< o' |,
vhere 7 - cosfficisnt of iscaorphisa, which corresponds to
nodulus/aocduls Ps» Lot nowv w, =A,+iB, (A,, B, )0), than, being returnad

to sam (9.1), ¥ nota that are possible ths following situations:

—B:+A31, ggﬂ?=1
w, +i*w,= A, +iB, + | — 4y — B, egom G =2

By — Azi, ecim ¢ =3.

Key: (V). if.

The result of this operation will be registsred in the sign fora and
will be indicatad the value of cverflow for range (29, if overflow

occurred.

Case w=1, t> nonpositional exponent acithaetic - B, is

represanted by number By =Q,—B, therefore ve vill have

(A, +1B8y) + (By =+ 14y) = (4, + By) T 1 (B, + A) =
=C + DI +Q., 9.2)
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vhers C, DpO0.

The value >f overflcw "N can take the valuaes: !

- =0

144 !

It should be noted that value n is not erect image of the actual

overflov of the real complex quantities, represented by the

nonpositional code in the sign forn.
Yalue % besides information about the possible actual
overflowv, contains also informaticn about the available sign

combinations. In connection with this should be analyzel all possible

coabinations.

Page 179.

::2} Let n=0. This asans that actually occurred situation A,<B, and

0<B,+A4;<Q, trus sus (vith g=1) takes the fors
w; + lwy = —C’ + D1, where ¢’ =Q,—c.
Let us register the obtained sum in the sign form -

N
CreDi=f (=i) (~C*eD i) =1 (DeC L),
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Rasult can ba reduced to the following tabla.

(&) ﬂop‘nso‘no I 3)
Tlepencane- posxa No- |3HAK WCTHN-
Kl e Ayasmolt | MoR cymmu
cyMmMm
p=1, n=0 H(gr) Yuuoxurs i |
Ha (+i3) b

Key: (1). Overfilling. (2). Reccding of modular sua. (3). Sigm of .

true sum., (4). No. (S5). To multiply on (+i3¥),

Similarly can be traced all remaining situations. It reamains to
consider the algoritha cof the determination of overflow for the
numbers, represantad by the nonpositional code. Fton the ;
relationship/ratio of type (9.2) for tha arbitrary w follows that for |
the catching of overflow through range Q) is necessary the
redundancy, detarmined by sodulus/mocdule 2,

Thus, in tia nonpositional represeatation of number :z€(Q,) nust ]
be present surplus composite deduction of this number on mod 2 Let

us designate it through e . e. <a|; ==

Lat .
<wl , 2 = 34

<<‘.wll;. ' ;"‘2.

then, passing fros equality (9.2) to th2 coaparison on z20d of 2, ws




DOC = 81026010 race 94

obtain
<t =LC+DI| +<uls !y
Hence it follows that
M= < QK+ —<C+DI]].  19.3)
In the latter/last formula figures the leduction of the acdular sua

C+Di on mod 2, It -an be obtained only by the sxpansion of the

i nonpositional rapresentation of sus C -+ Die(D,) to surplus basis/base

2.
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Page 180,

PAGE 3‘1{

Table of overflows,

" T B o
o) ma mepe- | [lepexodnponxa mo- [SFAF HC-
Y Nepenonuenne moame- | AyAsuoR cymmm | li-
ns
w=o
() N
0 Her (4] [OcTaerca memsmermod| +1
[{*})
1 Mo zedkcresureasnolt 1 OcraercA memamesmod! -1
20TE
o) T N !
i Mo mmuMo#t YacTu | i Ocraerca Hemamenmoft| <1
-3
1+i Tlo xelcr(lurenulol # 1+i Ocraercs AensMerHOf| +1
MHEEMOR TRCTAM
w=1
(22
0 Her 0 Vuuomurs ma i3 i
1 » 0 Ocraercs nn-ennoll +1
i Tlo Munmot wac™@ i Ynnog%ﬂ. Aa 3 , i
148 Mo wEEMoR Racrn ‘Ocﬂensglemd +1
l.=z
0 Her 0 ¥ umoxnrs ma (2 12
1 » 0 YumoxETY WA { i8
i > 0 Yumoxirs mp i3 i
1+4i » 0 |Ocraerct memamemmofi| <1
w=$
0 ger l 0 Vwunomury na ! i3
1 Ilo zeficrsuressxod 1 Yumomurs =z i i3
wern
i et 0 iOcTaerca RewsmexmoR| <1
+1+i |[To zedtctsurexsmol , 1 Ocreerca memamenmof| +1

YACTR
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Kay: (1)« Overflow., (2). Value of overflow. (3. Recoding of modular
sum. (4). Sign 9f truths. of sum. (4a). No. (S). It remains
constant/invariable. (6). On real part. (7). On imaginary part. (8).

On roal and allagad parts. (9). To multiply on.
Page 181,

Thus, any checking to the overflow of addition requires ths
execution of tha nonmodule operaticn of expansion, and the algorithnm
of the det2rmination of overflow is formed/shapéd in accordance with

equality (9.3).

With the vork in the mode/conditions >f floating point usually
it is necessary to knovw the value c¢f actual overflcw, and resul® to
presant in the fora accepted. In connection with this let us consiler

the case wvhen appears actual overflow.

Case w=0 and %=1. On the basis cf the relationships/ratio  f type
(9.2), we see that the overflow occurs in the real part of the sunm,
in this case value n 413 the actual value of ovarflov for the sum of

form (9.2).

Case w=1 aad 7—i. In accordance with the praviously case u=1 and

R ]
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n=0axamined we will have

wy +wy=1(D +C'1)+iQ.,

i.e., value n1=i is here again the valus of actual overflow.

A similar analysis of all possibls situations leads to the table
of overflovws (s2e page 180; one shculd 3gain recall that the table
concerns onl . the sums of foram w,+i*w,, vhetei;{.'tivze'(b,)i.l‘he ma jor
1dvantage of vork with the least non-nejative residue consists only
of a smaller quantity of samples of overflow with the addition, which
undoubtedly creates some conveniences for the 2nginsering realization
of the corresponding devices/equipsent on tvo-discrete

elenments/cells.

In order t> avoid the analysis of sign situations with the
additisn and at the same time tc preserve the advantages of tha
smallest non-najative daductions, it is possibla, similar this is
done in the class ts.k.ch., to introduce the concept of martificial
siga™. However, with th1§ appears the need for the introduction of
further proceduras to the processes of rounding in order to preserve

the artificial sign of the unkncwn result. These questions here will

not be detailed.
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Pig. 49. Range @a

Page 182,

Considerabla advantage in the implamentation of many most
isportant operations of composite arithaetic, such, as sultiplicatiosn
by the divider/denominator of unity, tha operation of composite
coupling, the absence of the need for analyzing sign with ts.k.ch.
with addition, 2tc., give transiticn to tha examination of
remainders/resilues in the class of a.n.v. However, a quantity of
samples of overfilling with the addition here increases doubly
against the case of p.S.Vv. It is necessary to note that for the

tabular realization of modular operations this fact doas not have

vital importanca,

Thus, let us pass to the exasination 5f the case of the least

positive residuas and subsequently all arithmetic operations we will
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sxamine in tha >lass of the least pcsitive residues (Pig. 49).

In the class 5f a.n.v. "composite sign®” ts.k.ch. is inscribed in

the nonpositional recording of a pumber and in the quite

nonpositional arithmetic interest us will not be.

Kt

ze<'l;. .

and
23y, By oy Baie s 2ue Bads
vhere
uele [, he<e |5 A<k<n)

It is obvisus that for deteramining the composite sign of a
nuaber, preset by the nonpositicnal code, it is necessary to
translate it into the positional code, for example, polyadic.
Actually/really,

2€(Q)

and
3=+ t+eatat ... tlaticc @ui (<), (94)

vhera
Ge<- |,
aoreover '
(a0,
Lst it be further
3=A'+ Bt
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and

G=x,4+1ty, 1<E<m,

then

n
A =z 34142+ Qa1
A=l -
Xy y.el '|..’

L
B”’E Vatri@z..- a1
=1

Page 183 Hence it follcvs that if .xa., Y=#0. then the signs of numbers
A* and B' are datecmined by the signs of numbers =, and ya ‘

respectively.

Consequently, the composite sign of numbaer z is determined by
the composita sign of the more significant digit of the polyadic
disintegration of number z.

St
Lat us consider the case wvhen :.-!._.:(-)_." A x,=0and y,=0. Then
for determining the sign of number B*' w2 must knowv the sign of the
senior, differeant from zero, the digit of the disintegration of real
nuaber B¢ into ths polyadic ccde, Hence it follows that the
infocrmsation about the sign ts.k.ch. z can be chtained from the

expansion of ts.k.ch. 2 into the polyadic code, since the combination

of the signs of nusbers A*, B' uniquely determines sign of ts.k.ch.
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soae operations, characteristic for the arithmetics of ts.k.ch.,

vhich do not derive/conclude nusber z for range (Q,)- A number of such

operations includes the sultiplication of numsber z by the

divider/denoainator of unity.

3+ (’h 31; 2y pt; ceey By, pu) e(Qn)-

than

[°2 ‘.'l’ t'p‘; ‘.l’, t'pg;..-; 1~ 2, "‘5.)3(0-)-

Taking into account that a.n.v. they represent by the code

deductions i=a, i°8,

ay == )&y, By =m, 7,

take the fornm

oy Byt |8, o8 =|m+ta]lm,

i.2., multiplication of ts.k.ch, zon ¢~ {is

reduced to the

appropriate change in the orders cf deductions, their santissa in

this case they remain constant/invariable.

Juap operation to the conjugated/coabined nusber. On the

resainders/resilues of ts.k.ch, z it is necessary to coanstruct

cenainders/resiiuves of ts.k.ch. Z. let us consiier canonical

deduction ts.k.che.

0y = ay my Py + B3 My P — 2 g

L
'l

oo v Apherd
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Hencs

8, = 3, M, Py + Pa My Ps— Ta e
i.e., the pair of resainders/residues :ﬁgﬂ vhich is deteraining
canonical deduction, with the jusg operation to the
conjugated/combined nuaber is converted into pair dﬂ.ib. In other ;
vords, i

G B2) = Ba, 7). '

Page 184, : i
[

This transformation requires the cperation of recoding. The fuactisn

of recoding can bs Jdetermined, on the basis of the principle of

isosorphiss. Let us consider, for example, the function of recoling h

of basis/base Pn Pros ?
Lty <=> |2, 4oy, l:.,

vhers p, - coefficient of isomorphisam, vhich corresponis to

|
basis/base Pp it fcllous that !
|
|

L= <=>|x,—pyl :." | 2+ 200 :..

vhere j, - cosfficient of isomcrphisa, vhich corresponds to

basis/base p,,

Algoritha 2f the detersination of >verflow with the addition in
the class of a.n.v. Since overflov with the addition in the class of

a.a.v. is characterized p.s.a.n.v. on msod 3, than for 1sterminiang the

overflov through range (Q, it suffices to have surplus basis/base,
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equal to 3.

ret & #186<-|g, then 2

Hi+n=w+7Q, (9.5)

vhers w8<°I;., ne<l.|;.

Passiny in equality (9.5) to the comparison on mod of 3, ve will

obtain
V=Ll +<nlly=<w|;+9<Q| |}, '

Hence the value of overflow is deterainad froa the forsula

1=<Q I W —<w[DI;.

Deduction < p|, is obtaiped by the expansion of the representation 4

of modular sum to basis/base mod 3.

The block liagram of this algoriths is shown in figure SO.

Example. Basic range of systenm q,= 13-17-28

Constaats: <Q;'iy=-L — 181728 oA %) = —2,
<U M puy= 2. ),
ST yy=82
<2871, =
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Page 185,
2 . G : 9 .. 9 3
. »
A Z, | 2 z
, 5 T
w &

< Wl w, w,

Pig. 50. Block liagram of algoritha of determination of value of

overflow,
25; - operation 5f expansion,

E::j - the operation of the recoding of deduction <w|; by the

deduction of opposite sign,

[:::]- the opsration of the multiplication of deduction to coastant
<Q7'i;: at the sutput/yield of this block is chbtained the valas of

overflow.
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Page 186.

To detarmine to re-divide overflov with the addition of the nuambers

13 17 25 3
3+ (7,10 0,8; 15,9; —1+i)
32+ (6,3 ; 5,11; 24,5 1+i)

According to block diagraa (Fig. 48), we have:
5 +7,16 0.5 18,% ~1+4i

3’+‘v& Mxl; “\“ 14
W+0,00 5. 14,14 — i ~¢

0.0 ... 14 0
8.8 4.8 0
4,2 3
7.5 i ~4
21,15 —i
Lt

1

1.(—2)m=1 ~ <W| s

£inal overflow is such:
A= + (=<0 | 7N T =(=i=D (=D =1+i.
In conclusion let us present one translation algoritha of

nonpositional representation of ccesplex numbers into the positional.

Let 238<¢ | q,

It is necessary to deteraine the digits of the positional

cepresentation of the numter

s+ 40 +ad+...+lad™ 9.6)

e .y
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vhere

he<-|,.
Por this purposa it is necessary to assume that in the bases/bases of
range (Q.) is included basis/base q. In this case, obviously, the
deduction of ts.k.ch, z on basis/base g detarmines the lowv-order
digit ¢, of reprasantation (9.6). For datermining the following digit

¢, we convart (9.6) to the form

i Y o T S L

i.e. !
B==Zol™
q |’

v‘=<

Page 187.

In the language of the nonpositional represaentation of numbers this

operation appears as follcws:

1) froa number 2z, preset by the nonpositional code, is
subtracted ts.k.ch. {4, represented by the nonpositional code on all

bases/bases of range (Q.)

2) the obtained number is divided int> gq, this operation is
isplamantel by the modular multiplicatisn 5f the result of the
previous operation on ts.k.ch.:

-1 -—

<q M aueH< e L <@ T < aT et g

As a result we will obtain the nusber

o -~ e il




i
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<q'z—%lgq ¢

represanted by its remainders/residues in the range Q,/q:

3) let us 2xpand this representation to base q.

deduction on basis/base q will determine digit 3.

Continuiry this process consecutivaly/serially,

all 3igits of raprasentation (9.6).

The block iiagram of the described operation is
St.

Example. Transfer number A-(4, 11; S, 3;: 1, 23;

The obtainad

ve will obtain

shovn in figure

3, 1) froa the

nonpositional systam with the pair-wise conjugated/combined

bases/bases 13=(2+3{)e (2-3'), 17=(1+44) o (1-04i), 29=(2¢51)e(2-51),

10= (1+34) e(1~-31) into the ordinmary decimal system. The coaposite

digit of unity >f decimal representation of a nuaber, obviously,

corresponds to deductions on the bases/bases 10=(1+3i) (1-3i), i.e.

<81|jp=T+2

Composite 1igit with first degree of 10 is deterained according to

block diagram (Pig. 49):
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il 53 118 31 3
8.9 2.1 2T (omepexoxsposma <—~B.D) |z 1-0 205 ’
F7 74 2311 Heywea ?
2.2 16.1¢ 26.4 (¥ .oz, poxyteNmsi B pedyahraTe COKPAUICENA

ANAUIASONA NA OCWOMANNe 10 ‘

15.15 27.37 8.8 Quepesoamposka <—2 [ ¢ 2.3, 1:3 :

i4.12 34.2 8.8 Beynma —1 P

5.14 13.18 6.6 gmepexoxnpossa <(a—iN 19,9 B

+16.11 6.2 @ nepexoanpossa <~5.14) {75, 1. u !

0.0 2.8 grymma N i

§.4 (DoepexoxRpOsKA <(=—=) ¢ 1 Qe . i

1:(6.4)m6,4 (mod 10) :,

10—6=4 b

o 10—4=-0 L
SHTax, BCROMOS YRCIO: <¢,681{ =705+ 3.

Key: (V). recoling. (2). sum. (3). code, obtained as a result of

rang3 reduction to basis/base 10. (4}, Thus, unknown gquantity.
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Page 188,

¥ [ 5

"’o

‘\""-’TQ T « T

- t D
Pig. 51. Block liagram of algorithm of determination of digit of

positional representation.

Page 189,

Let us detarmine composite digit with second degree of 10. Ths

initial code it will be: 2.2 16.14 28.4 4.6
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13 17 29 10
2,2 16,14 26,4 4,6 ()

+10,6 0,7 17,2 mepexoruposxa <—(4,8) [ 13 7
12,816,4 14,6 2
9.6 5,14 13,18 KOX NOCAe COXPAMEHMN uHa ocuosanue 10
+12,3 16,11 6,2 Quepexoxuposxa <—(9.6) | ;1 59 ;o
0,0 0,0 6,2

2,4 Bopexoxuposm <(z—f)a™! | a,e

13x3 (mod 10)
3,(2,4)=6,2 (mod 10)
10--8= ¢

10—2==3

Key: (1). recoling. (2). code after reduction to basis/base 10.
Therefare the unknown digit is equal to <48 (=14

Thus, unknown quantity is equal
A+ )-108 + (5 + 3i)-10’ + (7 + 2i)-10° = 157 + 132i.
Actually/really,

13 17 29 10}
157 + 1820 +- (1 + 24, 4 — 4{, 12— 13i, T + 2i.) = (4.11; 5,3; 1.23; 3,1).

§ 10. Arithmetic of fractional coaplex numbsers.

The set of the fractions of the fornm
2
8=z, (10.1»
vhere ts.k.ch. e<-|3q, is formed the range of the fractionms,

subordinatad to the limitation
1 1
-1r<:Bna,hna<: 7

Numerator z of 2ach such fraction as ts.k.ch., balonging to range
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(Q.). Let us unambiguously represent in apsolutely smallest

remainders/residues on the bases/tases of range Q,.

Page 190.

Since

CATIPARE N Ay v

Q
-, iz
fa=5»
- 3
I=a

then all described above algorithss apply to operations with the

fractions of form (10.1).

Operation >f multiplication, We have
2, 2 2,2,

aloaz=-0—;--€ =-—Q—-n:—, (10.2)
Let 2,02, =1+ wQ,, (10.3)
vhere te(Q,). (10.4)

Prom (10.3) and (10.4) on the strength of the fact that @,

real number, follows that we(Q,).

Hance (10.2) it is possible to rewrita in the form

al‘az=—‘-— —é—ﬁ-

w
LN

Q?




-
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1

\207-

.al-az—a":-\z <

Lattar/last evaluation indicates sagnitude of error vhich appears

during the replacement of fraction %fl to the fraction of fora (10.1)
o
Q'

Thus, the speration of the multiplication of fractions amust
contain the procedure of rounding which is expressed disregarding by
value §{ of relationship/ratio (10.3). L2t us parephrase nowv thase

calculations for th2 lanquage of residual classes.,

In orier ts> hold dcwn/retain the value of the product of two
arbitrary ts.k.ch. range (Q,), are necessary certain surplus rang2 (Dn)
such that

Q.)e(D,).
Let us assume that such a surplus range (Pa). formed by bases/bases
Dnp=d,d2...day is, multipliers z, and z, ars represeanted by
renainders/residues in the range (QaDa) Then their modular product
vill determine the true value of product 2z,¢z,, sSince 2 2:6(Da) FProm
{(10.3) it follows that

(=< 2021 g,
i.e0., § is repr2sented by the remainders/residues of product z,°z; on

the bases/bases >f range Q, Widening the representation of a nuabar

NN S——
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¢ to the basis/base (Da) 2nd subtractine 2t Sram She nannng?elonal
renresentatisn of nusber z,*z,, ve will obtain nusber w-Q,
represanted by resainders/residues on the bases/bases of range

(Q. D,), whera in tha2 bits on the bases/bases of range (Q,) are

arranged/located z2ro. !
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, g. A A
’ NS S
aih; I
212 T 4
a7
ki
2109 2 -

- +

r__
1 &
| B
= ol eamer
| Bl

|
¥
-
——

l' "":.._.__‘.-.,‘_. ¥

—

u - N i cee = - [ -

Pig. S52. Block iiagram of multiplication of fractioms.

Page 192,

Reducing this number on Q, ve will obtain number v, rapresented by
remainders/residues on the bases/btases of range Da. Wiiening the

nonposi tional reprcesentation of nuamber v to range Q. we will sbtaian
the expression 5f the unknovwn value v in the remainders/residues on

the bases/bases cf range (Q.Ds). By this, strictly, and is complested
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the algoritha of the multiplication of the fractions, azcompani2d by
tha procedure of rounding. The bleck diagram of this algoriths is

given in figure 52. It is assumed that the nuserators of fractions of

form (10.1) are represented on the bases/bases of rangs (Q.Da)

Observation. As is known, in the positioral arithmetic basic
production tima of multiplication is absorbed by the very procedurs
of multiplication. The process of rcunding is hare iamplamented f
automatically. Por the nonpositional arithaetic in the residual

classes the picture is opposite.

JENURUP ©  SU—

The procedura of amultiplication is implemsented in the minimum
tinme (for one a>dular stroke/cycle of aultiplication), vhereas basic
time by the fulfillment of the entire operation of aultiplicatioan as
a whola occupies the procedure, connectsd with the need for the
rounding of result, since'the fundamsental principle of
deparallelization requires reducticn to th2 miniaum of a nuaber of
nonmodule operations, then saximus prize in the time in the
nonpositional arithmetic of residval classes can be achieved/rsachaqd,
for example, during the calculaticns, which corsist of a large nuaber

of suas of the products
N
2 ay by,
[T

since the process of calculations hers -an be organized so as t¢>

modularly store molular products, and in the completion of this

operation to only pass to the procedure of rounding.
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